NOTES ON THE NUMERICAL RANGE
JOEL H. SHAPIRO
Abstract. The inner product of a Hilbert space associates to each
bounded linear operator thereon a continuous complex-valued quadratic
form which—thanks to the polarization identity—uniquely determines
the operator. The operator’s numerical range is the image under this
quadratic form of the surface of the Hilbert-space unit ball; it is a set of
complex numbers that contains its operator’s eigenvalues (if there are
any), and whose closure contains the operator’s spectrum. A centuryold result of Toeplitz and Hausdorff shows that: The numerical range
is always convex ! From this remarkable result has grown an enormous
body of work seeking to link the properties of matrices and operators
with the geometry of their numerical ranges.
In these notes we’ll establish the basic properties of the numerical
range, prove the Toeplitz-Hausdorff convexity theorem, and explore further connections between the numerical range and the spectrum. We’ll
show how convexity leads to an effective way of computing the boundary
of the numerical range, and will finish up with a (very brief) survey of
a (very small) sample of recent literature.
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1. Introduction
For a bounded linear operator T on a Hilbert space H, the numerical
range W (T ) is the image of the unit sphere of H under the quadratic form
x → hT x, xi, i.e.,
W (T ) := {hT x, xi : x ∈ H, kxk = 1}.1

Thus the numerical range of an operator, like the spectrum, is a subset of
the complex plane; its properties should say something about that operator.
In these notes we’ll try to get some idea of what this “something” might be.
A major theme will involve connecting the numerical range with the spectrum, however in §2 we’ll see that—unlike the spectrum—the numerical
range is almost never invariant under similarity. This apparent disadvantage is really something good, since it gives the numerical range a chance to
say something about individual operators, whereas the spectrum can only
refer to whole similarity classes.
For example, many operators can have spectrum equal to the single point
{λ}, but this singleton can be the numerical range of only λ times the
identity operator (Corollary 3.2, page 9 below). A little less trivially: if
the spectrum of an operator lies in the real line, we know little about the
operator, but if its numerical range is real, then from basic Hilbert space
theory we know that the operator must be self-adjoint (see, e.g., Corollary
4.1 below).
Very little about the numerical range is obvious; here is a more-or-less
complete list of what is.
1.1. Proposition. For an operator T on a Hilbert space H:
(a) W (T ) is invariant under unitary similarity.
(b) W (T ) lies in the closed disc of radius kT k centered at the origin.
(c) W (T ) contains all the eigenvalues of T .
(d) W (T ∗ ) = {λ : λ ∈ W (T )}.2
(e) W (I) = {1}.
(f) If α and β are complex numbers, and T a bounded operator on H,
then W (αT + βI) = αW (T ) + β.
(g) If H is finite dimensional then W (T ) is compact.
Part (g) follows from the continuity of the quadratic form associated with T
and the compactness of the unit sphere of (finite dimensional) H. However
if H is infinite dimensional then W (T ) need not be compact, even if T is a
compact operator! (See Theorem 2.4 and Example 2.7 below.)
1The symbol “:=” means “is defined as”.
2The overline means “complex conjugate”.
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1.2. Outline of what follows. In the next section we’ll give some elementary examples which illustrate the convexity and similarity non-invariance
of the numerical range, and show that when H is infinite dimensional there
are bounded (even compact) operators with non-closed numerical range.
In Section 3 we’ll study the properties of the quadratic form,
(1)

QT (x) := hT x, xi

(x ∈ C)

that creates the numerical range of the operator T by mapping the Hilbertspace unit sphere into the complex plane. We’ll discuss the polarization
identity that establishes the connection between QT and its bilinear cousin
(2)

(x, y) → hT x, yi

(x, y ∈ C),

and will see how polarization relates the numerical range to the operator
norm, especiallyx when the operator is self-adjoint.
In §5 we’ll turn to a detailed analysis of the numerical range of a two-bytwo matrix, establishing that it is always a possibly degenerate3 elliptical
“disc” with foci at the eigenvalues. Our proof will proceed by reducing the
general case to the consideration of matrices with trace zero. The two-by-two
result, along with a compression argument, will then make short work of the
subject’s most famous result, the Toeplitz-Hausdorff Theorem ([21, 1918],
[8, 1919]) establishing the convexity of the numerical range. We’ll prove this
in §6, and observe that it leads to a higher dimensional generalization of the
trace-zero result used to establish the two dimensional ellipse theorem.
The Toeplitz-Hausdorff Theorem and Proposition 1.1(c) above will get
us started on the second major theme of these notes: the connection between the numerical range and the spectrum. In §7 we will observe that the
spectrum of an operator lies in the closure of its numerical range, hence by
the Toeplitz-Hausdorff theorem the same is true of the convex hull of the
spectrum. By the similarity-invariance of the spectrum, its convex hull must
therefore lie in the intersection of the closures of the numerical ranges of all
the operators similar to T . This will lead to the Stephan Hildebrandt’s beautiful theorem which asserts that the convex hull of the spectrum is precisely
this intersection.
In §8 we discuss the connection between eigenvalues and points on the
boundary of the numerical range.We;ll see that “corner points” of the numerical range must be eigenvalues, and thanks to another theorem of Hildebrandt we’ll see that eigenvalues on the boundary of the numerical range
behave just like eigenvalues of normal operators. Taken together, these two
results assert that corner points of the numerical range are always “normal”
eigenvalues.
In §9 we’ll outline a method that exploits the Toeplitz-Hausdorff Theorem
in the computation of the numerical range of a matrix, after which a final
section will provide a few suggestions for further reading.
3Meaning: a line segment, or even a single point.
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2. Elementary examples.
2.1. A “finite” backward shift. Let T be the operator on C2 whose matrix
with respect to the standard basis is [ 00 10 ]. Then W (T ) is the closed disc of
radius 1/2, centered at the origin.
Proof. We parameterize the unit (column) vectors of C2 as follows:
p
(3)
x = x(θ, ϕ, t) = eiϕ [t, eiθ 1 − t2 ]′ ,

where the prime symbol “ ′ ” denotes “transpose”, θ and ϕ are real, and
0 ≤ t ≤ 1. Now a little calculation shows that
p
hT x, xi = eiθ t 1 − t2 ,
√
which, as θ traverses the real line, describes the circle of radius t 1 − t2 ,
centered at the origin. Thus W (T ) is the union of all these circles as t runs
over the closed unit interval, i.e. it is the disc of radius
max t(1 − t2 )1/2 = 1/2,

0≤t≤1

centered at the origin.



2.2. Similarity “non-invariance”. From now on we will identify operators on finite dimensional Hilbert spaces with the matrices that represent
them relative to convenient orthonormal bases for that space. For the previous example, the action of T relative to the standard unit-vector basis
{e1 , e2 } of C2 is to take e1 to the zero-vector, and e2 to e1 . This is why it’s
being called a “backward shift.”
This two dimensional backward shift dramatically illustrates the nonsimilarity invariance of the numerical range.
 For
 each complex number λ,
consider the operator λT , whose matrix is 00 λ0 . By Proposition 1.1(f) we
know that W (λT ) = λW (T ), the closed disc of radius |λ| centered at the
origin, so if |λ| =
6 1 then λT has numerical range different from that of
T . However:
for
λ 6= 0 all the operators λT are similar since the matrix
 
Sλ := λ0 01 is nonsingular and Sλ T Sλ−1 = λT .

2.3. The backward shift on ℓ2 . The infinite dimensional version of the
two dimensional backward shift discussed above is one of the most important
examples in operator theory. This is the operator B defined on ℓ2 by:
B(ξ0 , ξ1 , ξ2 . . .) = (ξ1 , ξ2 , . . .)

((ξ0 , ξ1 , ξ2 . . .) ∈ ℓ2 ).

Clearly B has norm one, so by Proposition 1.1(b) its numerical range is
contained in the closed unit disc U := {λ ∈ C : |λ| ≤ 1}.
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2.4. Proposition. W (B) = U (the open unit disc).
Proof. For λ ∈ U the vector xλ := (1, λ, λ2 , λ3 , . . .) belongs to ℓ2 , and
Bxλ = λxλ , i.e., each λ ∈ U is an eigenvalue of B with eigenvector xλ . Thus
U ⊂ W (B). We have already observed that W (B) ⊂ U, so it’s enough to
show that no point on the unit circle belongs to W (B). Suppose, for the
sake of contradiction, that some λ of modulus one belonged to the numerical
range of B. Then there would be a unit vector x in H with λ = hBx, xi.
Since kBk = 1 we would then have
1 = |λ| = |hBx, xi| ≤ kBxk kxk ≤ kxk kxk = 1,

i.e., there would be equality in the Cauchy-Schwarz inequality (the inequality in the middle of the above display). It would follow that Bx is a scalar
multiple of x, the scalar in question necessarily being λ. Now an easy calculation shows that since Bx = λx and |λ| = 1, the complex sequence x is
not in ℓ2 , a contradiction that shows λ cannot belong to W (B).

Unitarily diagonalizable operators. Let us call a bounded operator T
on a Hilbert space H unitarily diagonalizable if it has diagonal matrix relative to some orthonormal basis, i.e., if there exists an orthonormal basis
{en }∞
0 for H consisting of eigenvectors of T . All normal operators on a
finite dimensional Hilbert space, and more generally, all compact normal
operators on a separable Hilbert space, are unitarily diagonalizable.4
2.5. Theorem. The numerical range of a unitarily diagonalizable operator
is the convex hull of its eigenvalues.
Proof. Let’s begin with the finite-dimensional case, where we can identify
our operator with an n × n matrix A which, by the diagonalizability hypothesis, is unitarily equivalent to a diagonal matrix D = diag{λ1 , λ2 , . . . λn }.
Thus W (A) = W (D), the set of complex numbers hDv, vi as v runs through
the unit vectors
of Cn . Each such v is a column vector with
P
Pj-th coordinate
2
ξj , where j |ξj | = 1, and one calculates that hDv, vi = j λj |ξj |2 . Thus,
as v runs through the unit vectors of Cn , the points of the numerical range
of A run through the convex hull of its eigenvalues.
More generally, let T be a diagonalizable operator on a Hilbert space H.
By hypothesis there is an orthonormal basis {en } for H and a sequence {λn }
of complex numbers such that T en = λn en for every non-negative integer n.
4As are compact normal operators on an arbitrary Hilbert space, under suitable inter-

pretation of the concept of “orthonormal basis.”
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Thus
W (T ) := {hT f, f i : f ∈ H, kf k = 1}
(
)
X
=
λn |hf, en i|2 : f ∈ H, kf k = 1
n

=

(
X
n

λn an : 0 ≤ an ≤ 1,

:= conv∞ (Λ),

X
n

)

an = 1

where Λ = {λn } is the collection of eigenvalues of T . Thus we need only
prove:
2.6. Proposition. For any countable set Λ = {λn } of complex numbers,
conv∞ (Λ) = conv(Λ), the convex hull of Λ.
Proof of Proposition. Clearly conv(Λ) ⊂ conv∞ (Λ), and conv∞ (Λ) is convex. We want to show that if p ∈ conv∞ (Λ) then p is an honest convex
combination of points of Λ. Now
(4)

conv(αΛ + β) = α conv(Λ) + β

∀α, β ∈ C,

and the same is true of conv∞ (Λ), hence we may, upon replacing Λ by Λ − p,
assume that p = 0. Suppose 0 ∈
/ conv(Λ). Then there is a half-plane H that
contains conv(Λ) and whose boundary contains 0. By rotating about the
origin (again using (4)) we may assume that Λ, and hence both conv(Λ) and
conv∞ (Λ) lie in the closed upper half-plane.
We are assuming that 0 ∈ P
conv∞ (Λ), hence there exist numbers an between 0 and 1 such that 0 = P
/ conv(Λ), infinitely many
n an λn . Since 0 ∈
of the an are nonzero. Now 0 = n an Im (λn ), and since Im λn ≥ 0 for each
n, we must have λn real for each non-zero an . Thus there must be some λn
that is real and negative, and another λm that is real and positive. Then
the origin lies on the line segment between these two numbers, and hence
belongs to the convex hull of Λ. But we assumed 0 ∈
/ conv(Λ). This contradiction shows 0 ∈ conv(Λ). This completes the proof of the Proposition,
and therefore also the proof of the Theorem.

2.7. A compact operator with non-closed numerical range. The
backward shift on ℓ2 showed us that the numerical range of an operator
on infinite dimensional Hilbert space need not be closed. Theorem 2.5 lets
us produce examples of compact operators with this property. Let {λn } be
positive real numbers with λn ց 0. Let T be the operator on ℓ2 whose
matrix with respect to the standard orthonormal basis is diag {λn }. It’s an
elementary exercise to show that this operator is compact, and by Theorem
2.5 its numerical range of T is the half-open interval (0, λ0 ]. For more on
the question of numerical-range compactness, see [3, 1972].
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Direct sums provide a convenient way to create further examples of numerical ranges. The underlying principal is:
2.8. Proposition. Suppose H1 and H2 are Hilbert spaces on which live
bounded operators T1 and T2 respectively. Then W (T1 ⊕ T2 ) is the convex
hull of W (T1 ) ∪ W (T2 ).
Proof. We’ll think of H1 and H2 as orthogonal subspaces of a Hilbert space
H that span H, and T := T1 ⊕ T2 to be a bounded operator on H leaving
invariant H1 and H2 , with T1 and T2 denoting the restriction of T to these
respective subspaces.
Suppose w is a point of the convex hull of W (T1 ) ∪ W (T2 ). We wish
to show that w ∈ W (T ). Since numerical ranges are convex, there exist
w1 ∈ W (T1 ), w2 ∈ W (T2 ) and s ∈ [0, 1] such that w = sw1 + (1 − s)w2 . For
j = 1, 2, there exists a unit vector vj ∈ Hj such that wj = hTj vj , vj i. Let
√
√
(5)
v = s v1 + 1 − s v2 .

Since the summands on the right-hand side of (5) are orthogonal, v is a
unit vector in H: kvk2 = skv1 k2 + (1 − s)kv2 k2 = 1. Moreover—again by
orthogonality,
√
√
√
√
hT v, vi = hT1 ( s v1 ), s v1 i + hT2 ( 1 − s v2 ), 1 − s v2 i
= shT1 v1 , v1 i + (1 − s)hT2 v2 , v2 i
= sw1 + (1 − s)w2
=w

Thus w ∈ W (T ). Conclusion: The convex hull of W (T1 )∪ W (T2 ) is a subset
of W (T1 ) ⊕ W (T2 ).
For the opposite inclusion, suppose w ∈ W (T ). We wish to show that w
is a convex combination of points in W (T1 ) and W (T2 ). We may assume
that w does not belong to either of these numerical ranges; otherwise there
is nothing to prove.
Thus we’re given a unit vector v ∈ H such that w = hT v, vi, where v has
unique representation v = v1 + v2 with v1 ∈ H1 and v2 ∈ H2 , and neither
of these component vectors is zero. By orthogonality: kv1 k2 + kv2√
k2 = 1.
2
2
Let kv1 k√ = s, so 0 < s < 1 and kv2 k = 1 − s. Let u1 = v1 / s and
u2 = v2 / 1 − s. Then uj is a unit vector in Hj (j = 1, 2) and
w = hT v, vi = hT1 v1 , v1 i + hT2 v2 , v2 i
√
√
√
√
= hT1 ( s u1 ), s u1 i + hT2 ( 1 − s u2 ), 1 − s u2 i
= s hT1 u1 , u1 i +(1 − s) hT2 u2 , u2 i .
| {z }
| {z }
∈W (T1 )

∈W (T2 )

Thus w lies in the convex hull of W (T1 ) ∪ W (T2 ), as desired.
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2.9. Example. The matrix


1 0 0
A = 0 0 1
0 0 0

represents the operator T1 ⊕ T2 on H = C3 = C ⊕ C2 , where T1 is the
identity operator on the one dimensional Hilbert space C and T2 is the two
dimensional “backward shift” of §2.1. Thus W (A) is the “ice-cream cone”
formed by the convex hull of W (T1 ) = the singleton {1} and W (T2 ) = the
closed disc of radius 1/2, centered at the origin. The picture is shown below,
with the eigenvalues of T (0 and 1) represented by small circles.

3. Quadratic considerations.
Suppose for the moment that H is just a complex inner-product space,
and that T is a linear transformation on H; in particular, kxk2 = QI (x) for
each vector x ∈ H. Thanks to the bilinearity of the inner product we see
that for any vectors x and y in H:

(6)

QT (x + y) = QT (x) + hT x, yi + hT y, xi + QT (y),

and substitution of −y for y yields the companion identity
(7)

QT (x − y) = QT (x) − hT x, yi − hT y, xi + QT (y).

Subtraction of (7) from (6) yields for each pair x, y ∈ H,

QT (x + y) − QT (x − y) = 2hT x, yi + 2hT y, xi,

and substitution of iy for y in this last identity provides, after a little manipulation,
iQT (x + iy) − iQT (x − iy) = 2hT x, yi − 2hT y, xi,

so addition of the last two identities yields the Polarization Identity:
QT (x + y) − QT (x − y) + iQT (x + iy) − iQT (x − iy) = 4hT x, yi.
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Using the fact that
(8)

QT (ax) = |a|2 QT (x)

for each pair x, y of vectors in H, we can rewrite the Polarization Identity
in a way that’s perhaps easier to remember:
x + y 
x − y
 x + iy 
 x − iy 
(9) hT x, yi = QT
− QT
+ iQT
− iQT
,
2
2
2
2
valid for all x, y ∈ H.
3.1. Corollary. Suppose H is a complex inner-product space, with S and
T linear transformations thereon. If QT = QS on H, then S = T .
Proof. We’re assuming that QT (x) = QS (x) for each x ∈ H. By the Polarization Identity, this means that hT x, yi = hSx, yi i.e., that h(T − S)x, yi =
0, for each pair of vectors x, y ∈ H. This implies, upon setting y = (T − S)x,
that k(T − S)xk2 = 0 for each x ∈ H, i.e., that T − S = 0.

Remark. If, instead of subtracting (7) from (6), we add it, there results
QT (x + y) + QT (x − y) = 2QT (x) + 2QT (y).

For the special case T = identity map on H, this is the Parallelogram Law :
(10)

kx + yk2 + kx − yk2 = 2kxk2 + 2kyk2

(x, y ∈ H).

3.2. Corollary. If T is a bounded operator on a Hilbert space H and W (T )
is the singleton {λ}, then T = λI.
Proof. We’re assuming that for each unit vector x ∈ H:
QT (x) = λ = QλI (x)

i.e., that QT = QλI . Thus T = λI by Corollary 3.1.



3.3. The Numerical Radius. For H a Hilbert space and T a bounded
operator on H, define the numerical radius, w(T ), of T to be the supremum
of the absolute values of points in the numerical range of T , i.e.,
w(T ) := sup{|QT (x) : x ∈ H, kxk = 1|}.

Thanks to the fact that QT (ax) = |a|2 QT (x) for each x ∈ H and a ∈ C, we
have for each bounded operator T on H:
(11)

|QT (x)| ≤ w(T )kxk2

(x ∈ H).

Proof. We need only consider x ∈ H\{0}, in which case we can form v =
x/kxk, the unit vector in the direction of x.
as desired.

|QT (x)| = |QT (kxkv)| = kxk2 |QT (v)| ≤ kxk2 w(T ) ,
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3.4. Proposition. For each bounded operator T on H:
w(T ) ≤ kT k ≤ 2w(T ).

Proof. The first inequality follows immediately from the Cauchy-Schwartz
inequality and the fact that kT k is the supremum of all numbers |hT x, yi|
where x and y range over all unit vectors in H.
For the second inequality, fix x, y ∈ H and apply the triangle inequality
to the Polarization Identity (9):
x − y
 x + iy 
 x − iy 
x + y
+ QT
+ QT
+ QT
|hT x, yi| ≤ QT
2
2
2
2
≤ w(T )



x+y
2

2

+

x−y
2

2



+ w(T )



x + iy
2

2

+

x − iy
2

2



By the Parallelogram Law (10), each of the terms in square brackets is equal
to kxk2 /2 + kyk2 /2, Thus

|hT x, yi| ≤ w(T ) kxk2 + kyk2 ,

from which the desired inequality follow upon taking the supremum of both
sides of the one above over all unit vectors x and y in H.

The inequalities of Proposition 3.4 cannot be improved. The identity
transformation (on any Hilbert space) establishes the best-possible nature
of the constant “1” in the first inequality, We’ll see in §2.1 that the matrix
[ 00 10 ], viewed as a linear transformation on C2 , has numerical radius 1/2.
Since its operator norm is 1 (easy exercise), this example shows that the
constant “2” in the second inequality of Proposition 3.4 is also best-possible.
We’ll see in the next section that for restricted classes of operators it may
be possible to say more about the relationship between norm and numerical
radius. In particular, for any self-adjoint operator these two quantities are
equal.
4. Self-adjoint operators.
Recall that each bounded operator T on a Hilbert space H has a companion adjoint operator T ∗ defined on H by
T∗

hT ∗ x, yi = hx, T yi

(x, y ∈ H).

is a bounded operator on H, with the same norm as T .
If T = T ∗ , then T is called (not surprisingly) self-adjoint, or equivalently,
hermitian. In this section we’ll see that the numerical range has special
significance for self-adjoint operators. Throughout, T will denote a bounded
linear operator on a Hilbert space H.

.
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4.1. Theorem. T is self-adjoint if and only if W (T ) ⊂ R.

Proof. If T = T ∗ then for each x ∈ H:

hT x, xi = hx, T ∗ xi = hx, T xi = hT x, xi,

where the line over the last term means “complex conjugate.” Thus for each
x ∈ H the complex number QT (x) := hT x, xi coincides with its complex
conjugate, so is real. Thus W (T ) ⊂ R.
Conversely, suppose W (T ) ⊂ R, so by Eqn.(8), QT (x) is real for every
vector in x ∈ H. Fix vectors x and y in H, and rewrite the Polarization
Identity (9) as
4hT x, yi = [QT (x + y) − QT (x − y))] + i[QT (x + iy) − QT (x − iy)].

Since we’re assuming that QT takes only real values, the right-hand side
of this equation is the decomposition of the left-hand side into real and
imaginary parts, i.e.,
(12)
and
(13)

4 Re hT x, yi = QT (x + y) − QT (x − y)
4 Im hT x, yi = QT (x + iy) − QT (x − iy).

We wish to show that hT x, yi = hx, T yi, i.e., that
(14)

Re hT x, yi = Re hT y, xi

and
(15)

Im hT x, yi = Im hx, tyi .

Upon interchanging x and y in Eqn.(12) we see obtain
4Re hT y, xi = QT (y + x) − QT (y − x).

Now thanks to Eqn.(8),

QT (y − x) = QT ((−1)(x − y))) = QT (x − y),

which establishes Eqn.(14).
For the second of these equations we use Eqn.(8) in the form QT (±iv) =
QT (v) to obtain:
4 Im hT x, yi = QT (x + iy) − QT (x − iy)
= QT (i(y − ix)) − QT ((−i)(y + ix))
= QT (y − ix) − QT (y + ix)
= −4 Im hT y, xi,

with the last equality following from Eqn.(13). Thus
Im hT x, yi = −Im hx, T yi = Im hT x, yi,

so we’ve established Eqn.(15), and finished the proof.
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Our identification (12) of the real part of QT when T is self-adjoint leads
to the following useful “hermitian” improvement of Proposition 3.4.
4.2. Theorem. If T is self-adjoint then kT k = w(T ).
Proof. We already know that w(T ) ≤ kT k, so we need only prove the opposite inequality. Fix unit vectors x and y in H, and use Eqn.(8) to rewrite
Eqn.(12) as:
x − y 
x + y 
− QT
.
Re hT x, yi = QT
2
2
Thus, the triangle inequality:
x + y 
x − y 
|Re hT x, yi| ≤ QT
+ QT
2
2


)
kx + yk2 + kx − yk2 .
≤ w(T
4
By the Parallelogram Law (10) and our assumption that x and y are unit
vextors, the term in square brackets on the right is just 2kxk2 +2kyk2 , which
is ≤ 4. Thus |Re hT x, yi| ≤ w(T ).
If we can prove that this last inequality continues to hold when we erase
the symbol “Re ” on its left-hand side, then upon sup-ing the left-hand side
of the result over all unit vectors x and y we’ll obtain the desired estimate:
kT k ≤ w(T ).
To this end, fix—once again—a pair x, y of unit vectors, and this time
assume (without loss of generality) that hT x, yi 6= 0. Then we can form
ω := hT x, yi/|hT x, yi|, a complex number of unit modulus. Since the inner
product is conjugate-homogeneous in the second variable:
as desired.

|hT x, yi| = hT x, αyi = Re hT x, αyi ≤ w(T ) ,



5. The numerical range of a two-by-two matrix
In this section5 we’ll prove that the numerical range of a two-by-two matrix (i.e., an operator on a two dimensional complex Hilbert space) is either
a point, a line, or an elliptical (perhaps cirular) disc.
Suppose first that our matrix A is normal, i.e., that it commutes with its
adjoint (the complex conjugate of its transpose). Then A is unitarily equivalent to a diagonal matrix, so if it has just a single eigenvalue λ, it’s clearly
equivalent to, and therefore equal to, λ times the identity matrix. Thus by
Corollary 3.2, W (A) = {λ}. If, on the other hand, our normal matrix A
has two distinct eigenvalues, then it’s unitarily equivalent to the diagonal
matrix having these eigenvalues as its main diagonal, so by Theorem 2.5,
W (A) is the convex hull of these eigenvalues, i.e., the line segment joining
them. Summary: If A is a two-by-two normal matrix then its numerical
range is either a point or a line segment.
5The material of this section follows closely that of [10], Sec. 1.3, pp. 17–28
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Suppose now that A is not normal. In §2.1 we worked out a special case
N = [ 00 10 ], for which W (N ) = 21 U, the closed disc of radius 12 centered at
the origin. More generally, suppose our two-by-two matrix A has just just
one eigenvalue λ. Let v ∈ C2 be a unit eigenvector for this eigenvalue, and
w ∈ C2 a unit vector orthogonal to v. Then relative to the basis (v, w)
for C2 , the linear transformation represented by A has an upper triangular
matrix B; to which A is unitarily equivalent.6 In particular, B inherits
“single eigenvalue” property
 of A, and therefore has λ as both entries on
its main diagonal, so B = λ0 µλ = λI + µN . Thus by Proposition 1.1(e),
W (A) = λ + µ W (N ), i.e., the closed disc of radius |µ|/2, centered at the
eigenvalue λ.
It remains to understand the numerical ranges of non-normal two-by-two
matrices that have two distinct eigenvalues. For this we’ll need to work out a
more general class of examples. Let’s call a complex matrix with entries zero
everywhere except possibly on the major cross-diagonal a “cross-diagonal”
matrix.
5.1. Proposition. The numerical range of a non-normal, two-by-two crossdiagonal matrix is an elliptical disc with foci at the eigenvalues.
 
Proof. We have A = 0b a0 , where a and b are complex numbers. First
suppose a and b are positive. We may assume 0 < b ≤ a, else take adjoints
and use Proposition 1.1(d). Then employing the parameterization (3) and
doing some computation:
o
np
W (A) =
t 1 − t2 [(aeiθ + be−iθ ] : θ ∈ R, 0 ≤ t ≤ 1
np
o
=
t 1 − t2 [(a + b) cos θ + i(a − b) sin θ] : θ ∈ R, 0 ≤ t ≤ 1 ,
√
which (because max0≤t≤1 t 1 − t2 = 1/2) describes either:
(a) The line segment [−a, a] if a = b (in which case A is, by Theorem
4.1 self-adjoint, and therefore normal, with eigenvalues ±a, or
(b) The elliptical disc with center at the origin, whose boundaryn has
horizontal major axis of length a+b and vertical minor axis of length
a − b if a 6= b.
Since we’re assuming A is not normal, its numerical range is, indeed, an
elliptical disc. Let’s recall from high-school geometry that if E is an ellipse
in R2 with foci F1 and F2 (not necessarily distinct), then there a positive
number k such that E is the set of points P ∈ R2 the sum of whose distances
from the foci equals k. From this it’s easy to check that if M is the length of
the major semi-axis of E and m the length of the minor semi-axis, and d the
distance between the center of E and either of its foci, then M 2 = d2 + m2 .
6This is a special case of a famous result if Issai Schur, which asserts that: Every square

complex matrix is unitarily equivalent to an upper triangular matrix.
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In our case M = (a + b)/2 and m = (a − b)/2, so
p
√
F = ± M 2 − m2 = ± ab,

i.e. the foci of ∂W (T ) are the eigenvalues of A. Thus:
For any non-negative
  numbers a and b, the numerical range
of the matrix 0b a0 is a (possibly degenerate) elliptical disc
with foci at the eigenvalues.
Now suppose a and b are arbitrary complex numbers. Write both in polar
form: a = |a|eiα and b = |b|eiβ , and observe that




1
0
0
|a|
−1
i α+β
α−β
if S =
.
then SAS = e 2
|b| 0
0 ei 2

Thus A is unitarily equivalent to a cross-diagonal matrix whose non-zero
entries are positive. The Proposition now follows from the work just done
on this special case.

The next result shows that Proposition 5.1 is not quite as special as it
seems.
5.2. Lemma. If A is a two-by-two complex matrix with trace zero then A
is unitarily equivalent to a cross-diagonal matrix.7
Proof. Suppose A has just one eigenvalue. We’ve already noted that any
two-by-two matrix is unitarily equivalent to an upper triangular one B
which, since A has trace zero, must only zeros on its diagonal. Thus
B = [ 00 a0 ].
Next, suppose A has two distinct eigenvalues, necessarily ±λ 6= 0. Let u
be a unit eigenvector for λ, and v a unit eigenvector for −λ. Then the pair
{u, v} is linearly independent, so for each real θ the vector
wθ := u + eiθ v

is non-zero, as is its image
Awθ = Au + eiθ Av = λ(u − eiθ v).

A little calculation shows that
(16)

hAwθ , wθ i = 2iλ Im {e−iθ hu, vi},

so upon choosing θ so that eiθ =

hu, vi
|hu, vi|

(where the denominator is not zero

because u and v are not orthogonal), we see that e−iθ hu, vi = |hu, vi|, hence
the right-hand side of Eqn.(16) is zero. Thus Awθ and wθ are (non-zero)
orthogonal vectors. Let z and w be the unit vectors in the direction of wθ
and Awθ , respectively, so that the pair (z, w) is an orthonormal basis for
C2 . With respect to this new basis the linear transformation represented
7More generally, every square trace-zero matrix is unitarily equivalent to a zero-

diagonal matrix. In Theorem 6.2 below, we’ll give a proof based on the Toeplitz-Hausdorff
Theorem!
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by A has matrix B that is unitarily equivalent to A, and has (1, 1)-entry
hAz, zi, which is a scalar multiple of hAwθ , wθ i = 0. Thus the (1, 1)-entry
of B is zero. Being unitarily equivalent to A, the matrix B has the same
trace, namely zero, hence its (2,2) entry must also be zero.
Conclusion: A is unitarily equivalent to a matrix with zero diagonal.



The last result reduces the determination of W (A) for general two-by-two
complex matrices to the trace-zero case, which is handled by Proposition ??.
Thus we have proved:
5.3. The Elliptical Range Theorem. If A is a two-by-two complex matrix, then W (A) is a (possibly degenerate8) elliptical disc with foci at the
eigenvalues of A and center at (trace A)/2.
5.4. More on the dimensions of the ellipse. Our work on cross-diagonal
matrices shows that for any two-by-two matrix, the foci (suitably interpreted
in degenerate cases) of the numerical range are the eigenvalues. Having
noted this, it makes sense to seek an intrinsic expression for the lengths of
the major and minor axes.
Let’s restrict attention to matrices whose numerical ranges are actual
(non-degenerate) elliptical discs. As before, it is enough to work with tracezero matrices, and by unitary equivalence,
 with cross-diagonal matrices,
and finally, with the special case A = 0b a0 with (since we do not want
√
√
degeneracies) 0 < b ≤ a. Here the eigenvalues are λ1 = ab and λ2 = − ab,
and unit eigenvectors for λ1 and λ2 respectively are:
 √ 
 √ 
1
1
a
√a
√
and f2 = √
.
f1 = √
b
a+b
a+b − b
Thus

γ := hf1 , f2 i =
and
p

1

− γ2

a−b
length of minor axis
=
,
a+b
length of major axis

√
λ1 − λ2
distance between foci
2 ab
=
=
,
=
a+b
length of major axis
length of major axis

hence:

length of major axis =
and

distance between foci
p
,
1 − γ2

length of minor axis = γ × length of major axis.
Thus we have shown that every two-by-two cross-diagonal matrix has as
its numerical range a (possibly degenerate) elliptical disc with foci at the
eigenvalues, and—in the event the entries are non-negative—have calculated
the lengths of the major and minor axes in terms of quantities involving
only the matrice’s eigenvectors and eigenvalues. We have also shown that
8Meaning: a line segment.
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every cross-diagonal two-by-two matrix is unitarily similar to a unimodular
multiple of one with non-negative entries. This leads to the following result
for general two-by-two matrices, where absolute values take care of the fact
that the order in which eigenvalues occur is arbitrary:
5.5. Theorem (Elliptical range theorem; the “full story”). Suppose A is a
two-by-two matrix with distinct eigenvalues λ1 and λ2 , to which correspond
unit eigenvectors f1 and f2 . Let γ = |hf1 , f2 i|. Then:
(a) W (A) is a (possibly degenerate) elliptical disc whose boundary has
its foci at λ1 and λ2 .
√1 −λ2 | .
(b) The major axis of ∂W (A) has length |λ
2
1−γ

(c) The minor axis of ∂W (A) has length γ times that of the major axis.
The limiting cases are:
• The eigenvalues are distinct and the eigenvectors orthogonal, in which
case the Theorem predicts that W (A) is an “elliptical disc” with major axis of has length equal to the distance between the eigenvalues
and the minor axis has length zero, i.e., W (A) is the line segment
joining the eigenvalues. In this case our matrix A is unitarily equivalent to the 2 × 2 diagonal matrix with diagonal (λ1 , λ2 ), so the result
of the Theorem is in accordance with Theorem 2.5.
• The eigenvalues are not distinct, in which case the eigenvectors are
parallel, hence γ = 1, so part (b) of the Theorem makes no sense,
but part (c) predicts that the major and minor axes of ∂W (A) have
the same length, i.e., that W (A) is a “circular” disc. This is what
we found, e.g., in §2.1.
6. The Toeplitz-Hausdorff Theorem
This is the “Fundamental Theorem of the Numerical Range:”
6.1. Theorem (O. Toeplitz [21, 1918] and F. Hausdorff [8, 1919]). For each
bounded linear operator on a Hilbert space, the numerical range is convex.9
Proof. The idea is to “compress” the problem to two dimensions. More
precisely, suppose H is a Hilbert space, M a (closed linear) subspace of
H, and PM the orthogonal projection of H onto M. For a bounded linear
operator T on H the compression TM of T to M is the restriction to M of
the operator PM T .
Now suppose x ∈ M. Then
∗
hTM x, xi = hPM T x, xi = hT x, PM
xi = hT x, PM xi = hT x, xi

where in the third equality we use the fact that the projection PM is selfadjoint (and in the fourth one the fact that x ∈ M). In particular,
9Toeplitz proved the “outer boundary” of the numerical range to be a convex curve;
Hausdorff subsequently proved that there’s no “inner boundary.”
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The numerical range of a bounded linear operator on a Hilbert
space contains the numerical ranges each of its compressions.
Given our work on two dimensional operators, the Toeplitz-Hausdorff
Theorem follows easily from this. Suppose T is a bounded linear operator
on the Hilbert space H. Suppose λ and µ are two distinct points of W (T ).
We desire to show that the line segment [λ, µ] lies entirely in W (T ). We
have unit vectors f and g with λ = hT f, f i and µ = hT g, gi. These vectors
are linearly independent (else λ = µ), hence they span a two dimensional
(closed) subspace M of H. By our results for dimension two, the compression of T to M has convex numerical range (either an elliptical disc, or a line
segment), which contains both λ and µ, and therefore the segment [λ, µ].
As observed in the paragraph above, this segment also lies in the numerical
range of T .

The key step in our proof was the observation that every two-by-two
complex matrix with trace zero is unitarily equivalent to one with main diagonal identically zero. Fittingly, the Toeplitz-Hausdorff Theorem provides
an n-dimensional generalization.
6.2. Theorem (W. V. Parker [15, 1948]). Every square, trace-zero, complex
matrix is unitarily equivalent to a matrix whose main diagonal is identically
zero.
Proof. Let A be an n × n complex matrix. By Schur’s Theorem10 the trace
of A is the sum of its eigenvalues, each eigenvalue occurring in the sum as
many times as its algebraic multiplicity11 . Thus 0 = trace A/n is a convex
combination of the eigenvalues of A, each of which lies in W (A). By the
Toeplitz-Hausdorff Theorem, 0 ∈ W (A), so there is a unit vector u1 with
hAu1 , u1 i = 0. Let M be the one dimensional subspace spanned by u1 ,
so in the decomposition of Cn into the orthogonal direct sum of M and
the n − 1 dimensional subspace M ⊥ we may view A (or rather the linear
transformation
of Cn represented by A) as an operator matrix of the form
0 ∗ 
∗ AM , where AM is the compression of A to M , “0” is a one-by-one matrix,
and the asterisks denote matrices of dimensions (n − 1) × 1 and 1 × (n − 1)
respectively. The argument can now be repeated on A1 , producing a vector
u2 orthogonal to u1 with 0 = hA1 u2 , u2 i = hAu2 , u2 i. Then the dimension
reduction argument can be repeated, with M now the span of u1 and u2 ,
and the Toeplitz-Hausdorff Theorem used to produce a unit vector u3 ∈ M ⊥
for which hT u3 , u3 i = 0. The process ends after n repetitions, producing
an orthonormal basis for Cn relative to which the matrix of the operator
represented by A has zero diagonal.

10Every square complex matrix is unitarily similar to an upper-triangular matrix.
11Its multiplicity as a root of the characteristic polynomial
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7. The numerical range and the spectrum
We have observed that the numerical range of an operator contains all
its eigenvalues. What connection exists between the numerical range and
the spectrum? Since the spectrum is closed and the numerical range need
not be (if H is infinite dimensional), we can’t expect the spectrum to lie
in the numerical range. This is dramatically illustrated by the elementary
2
example T = diag {1/n}∞
1 on ℓ , for which the numerical range is the halfopen interval (0, 1], while the spectrum is the countable set { n1 }∞
1 ∪{0} which
is almost, but not quite, not contained in (0, 1]. This example, nevertheless,
points to a general truth:
7.1. Theorem. If T is a bounded linear operator on a Hilbert space H, then
the spectrum of T is contained in the closure W (T ) of W (T ).
Proof. Because both the spectrum and the numerical range transform properly under affine mappings of operators, it is enough to prove that if 0 ∈ σ(T )
then 0 ∈ W (T ). So suppose 0 ∈ σ(T ), i.e., that T is not invertible. There
are two possibilities: T is not bounded below, or T is bounded below (i.e.,
has closed range) but is not onto.
(a) If T is not bounded below then there exist unit vectors fn ∈ H such
that hT fn , fn i → 0, thus exhibiting 0 as a limit of points in W (T ),
and so placing 0 in W (T ).
(b) It’s even better if T is bounded below but not onto. For in this case,
{0} =
6 (ran T )⊥ = ker T ∗ , hence 0 ∈ W (T ∗ ), the complex conjugate
of W (T ). Thus 0 actually lies in the numerical range of T (not just
its closure).

7.2. Remark. Thanks to the Toeplitz-Hausdorff Theorem and the similarityinvariance of the spectrum, we see that
\
conv{σ(T )} ⊂ {W (V T V −1 ) : V invertible on H}.12
Our next major result, due to Stephan Hildebrandt [9, 1996] asserts that
this set containment is actually equality. We’ll present a strikingly short
proof of Hildebrandt’s theorem due to James Williams [22, 1969]. This
proof will require a result of Gian-Carlo Rota [18, 1960] that is interesting
in its own right. Rota’s theorem asserts that every strict contraction on a
Hilbert space is similar to “part” of a backward shift. More precisely, given
a Hilbert space H let ℓ2 (H) denote the space of sequences x = (ξn )∞
0 with
each ξn ∈ H and
∞
X
kxk2 =
kxn k2H .
n=0

12Here “conv” denotes “convex hull.”
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The functional k · k turns ℓ2 (H) into a Hilbert space, on which acts the
backward shift B, defined, by
B(x0 , x1 , x2 , . . .) = (x1 , x2 , x3 , . . .);
it is a bounded linear operator on ℓ2 (H) of norm one.
7.3. Rota’s Theorem. Suppose T is a bounded linear operator on a Hilbert
space H, and that the spectrum of T lies in the open unit disc. Then there
is a B-invariant subspace M of ℓ2 (H) and an isomorphism W of H onto
M such that T = W −1 BW , i.e., T is similar to the restriction of B to an
invariant subspace.
Proof. Our assumption on T is that its spectral radius r(T ) is less than 1,
so by the spectral radius formula, limn kT n k1/n = r(T ) < 1. Thus for (say)
ρ
+ r(T ))/2 < 1 we have kT n k < ρn for all sufficiently large n, and so
P:= (1
n
kT k2 := M < ∞. Define the map W from H into H × H × . . . by:
W (x) = (x, T x, T 2 x, . . .)

so that for each x ∈ H,
2

2

kW xk ≤ kxk

∞
X

n=0

(x ∈ H),

kT n k2 = M kxk2 ,

hence W is a bounded linear operator from H into ℓ2 (H). Clearly BW x =
W T x for each x ∈ H, so BW = W T on H. It’s also clear that kW xk ≥ kxk
for every x ∈ H, so M := W (H) is a closed subspace of ℓ2 (H) and W is
an isomorphism of H onto M. The intertwining relationship BW = W T
guarantees that M is B-invariant, and this completes the proof.

Before turning to the proof of Hildebrandt’s theorem, let’s show how
Rota’s Theorem gives a quick proof of an interesting result that appears to
be weaker than, but actually implies, Hildebrandt’s Theorem.
7.4. Corollary. If T is a bounded linear operator on a Hilbert space H,
then the spectral radius of T is inf{kV T V −1 k : V invertible on H}.
Proof. Let s(T ) denote the infimum in question. We all know that r(T ) is
≤ kT k for any operator T on a Hilbert space, and that spectral radius is a
similarity invariant. Thus r(T ) ≤ s(T ).
We’ll use Rota’s theorem to get the opposite inequality. Since this requires
an operator of spectral radius < 1, for each ε > 0 we’ll set
Tε = [r(T ) + ε]−1 T .
Then r(Tε ) < 1, so Rota’s theorem applies and produces a B-invariant
subspace M of ℓ2 (H) and an isomorphism W of H onto M for which the
restriction of B to M is W Tε W −1 . Thus
[r(T ) + ε]−1 kW T W −1 k = kW Tε W −1 k = kB|M k ≤ 1,

i.e. kW T W −1 k ≤ [r(T ) + ε]−1 . Now the dimension of M is the same as that
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of H, so we may regard W as an isomorphism of H. Thus the last estimate
shows that for every ε > 0 the infimum in the statement of the result we are
trying to prove is ≤ r(T ) + ε, and therefore it is ≤ r(T ).

Finally, we use Corollary 7.4 and the Toeplitz-Hausdorff Theorem to get
a quick proof of the main result of this section.
7.5. Hildebrandt’s Intersection Theorem. If T is a bounded linear operator on a Hilbert space, then the convex hull of its spectrum is equal to
\
{W (V T V −1 ) : V invertible on H}.

Proof. We have already observed the containment“⊂”, so it remains only
to go the other way. For this, suppose λ is not in the convex hull of
the spectrum of T . We wish to show that λ is not in the intersection of
numerical-range closures of operators in the similarity orbit of T , i.e., that
there is an invertible operator V on H such that λ ∈
/ W (V −1 T V ). Because
conv{σ(T )} is compact, there is an open disc ∆ that contains it, but whose
closure does not contain λ. Because both the numerical range and spectrum
behave properly relative to affine mappings of operators, we may assume
without loss of generality that ∆ is the open unit disc, so in particular
r(T ) < 1. Corollary 7.4 thus provides an invertible operator V on H such
that kV −1 T V k ≤ (1 + r(T ))/2 < 1, hence W (V −1 T V ) ⊂ ∆ and therefore
λ∈
/ W (V −1 T V ).

8. Eigenvalues in the boundary of the numerical range
8.1. Definition. A corner point of a convex set C is a point on the boundary of C which lies at the vertex of a sector that contains C and has angular
opening less that π radians.
8.2. The Corner-Point Theorem. If T is a bounded linear operator on
H, and λ ∈ W (T ) is a corner point of W (T ), then λ is an eigenvalue of T .
Proof. For the corner point λ we have
(17)

λ = hT f, f i

for some unit vector f . We’ll show that T f = λf , which will prove the
theorem.
Suppose, for the sake of contradiction, this is not the case. Then g = T f
is not a scalar multiple of f (by Eqn.(17), if it were a scalar multiple, that
scalar would have to be λ), so the linear subspace M of H spanned by f
and g is two dimensional. Thus the numerical range of the compression TM
of T to M is, by Theorem 5.5 a possibly degenerate ellipse containing λ and
contained in W (T ). Since it is a boundary point of W (T ), λ must lie on the
boundary of this ellipse. But λ is a corner point of W (T ), so W (T ) cannot
contain a non-degenerate ellipse with λ on its boundary, hence W (TM ) must
be either a line segment with λ as an endpoint, or just the singleton {λ}.
In the latter case, TM is λ times the identity map on M, in which case
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it’s clear that T f = λf , contradicting our assumption that this was not the
case. In the former case (W (TM ) a line segment with λ as an endpoint)
there is another endpoint µ, and by Theorem 5.5 both λ and µ, being foci
of the degenerate ellipse (i.e., “endpoints of the line segment [µ, λ]”), are
eigenvalues of TM , and their corresponding eigenvectors are, by Theorem
5.5, orthogonal. It follows that the matrix of TM with respect to these
eigenvectors (now normalized to have unit length) is diagonal, from which
it’s easy to prove that (17) implies T f = λf .

8.3. A word of warning. It’s crucial in the above theorem that the corner
point λ already be in the numerical range of T . If λ is merely on the
boundary of W (T ) then it may well not be an eigenvalue, as the example
T = diag {1/n : n = 1, 2, . . .}, acting on ℓ2 , shows. Here W (T ) = (0, 1], so
0, which is clearly not an eigenvalue, is nevertheless a corner point on the
boundary of W (T ). The point is, of course, that 0 ∈
/ W (T ).
The story on corner points does not end here. It turns out that if λ ∈
W (T ) is a corner point of W (T ), then each T -eigenvector for λ is, in addition,
a T ∗ -eigenvector for λ. This follows from a more general result, also due to
Hildebrandt, for which we introduce the following terminology.
8.4. Definition. An eigenvalue λ for a linear operator T is said to be normal
if ker{T − λI} = ker{T ∗ − λI}.

The terminology reflects the fact that eigenvalues of normal operators are
normal in the sense defined above. The importance of normal eigenvalues
derives from the fact that their eigenspaces reduce the operator (i.e., both
the eigenspace and its orthogonal complement are invariant for the operator). Another important—and easily proved—property of normal operators
is that the eigenvectors corresponding to different eigenvalues must be orthogonal. Indeed, if T is a normal operator with eigenvalues λ 6= µ and
corresponding eigenvectors v and w, then
λhv, wi = hT v, wi = hv, T ∗ wi = hv, µwi = µhv, wi .

Since λ 6= µ we conclude that hv, wi = 0, as promised.

Note that this argument did not require the full strength of normality for
T , just that λ be a normal eigenvalue. Thus:
8.5. Proposition. Suppose T is a bounded operator on the Hilbert space
H, that λ is a normal eigenvalue of T , and that µ is any eigenvalue of
T not equal to λ. Then every T -eigenvector for λ is orthogonal to every
T -eigenvector for µ.
Here is Hildebrandt’s theorem about boundary eigenvalues.
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8.6. Theorem (Hildebrandt [9, 1966]). Every eigenvalue in the boundary
of the numerical range is a normal eigenvalue.
Proof. The proof comes from [4, 2002], and is somewhat different from Hildebrandt’s. We organize it into two stages, the first of which is an interesting
application of the Elliptical Range Theorem.
Lemma. If kf k = 1 and hT f, f i ∈ ∂W (T ), then T ∗ f is a linear combination
of f and T f .
Proof of Lemma. Suppose T ∗ f ∈
/ span {f, T f }. We’ll prove that λ cannot
be in the boundary of W (T ). We begin by choosing a unit vector g ∈ H
orthogonal to f and T f , but not orthogonal to T ∗ f . Let M be the linear
span of f and g. Then relative to the orthonormal basis {f, g} for M the
matrix of the compression TM of T to M is:

 

hT f, f i hT g, f i
λ b
A :=
=
,
hT f, gi hT g, gi
0 d

where b = hT g, f i = hg, T ∗ f i 6= 0. By a straightforward calculation, AA∗ 6=
A∗ A, i.e., A is not a normal matrix. Consequently A does not possess an
orthogonal pair of eigenvectors, so Theorem 5.5 guarantees that W (A) must
be a nondegenerate ellipse having λ as a focus. Since W (A) ⊂ W (T ), this
implies λ ∈
/ ∂W (T ), thus completing the proof of the Lemma.


Proof of Theorem. Suppose λ is an eigenvalue of T that lies on the boundary
of W (T ). Fix a unit vector f ∈ H with hT f, f i = λ. By the Lemma there
exist scalars a and b such that
T ∗ f = af + bT f = (a + bλ) f = µf,
| {z }
:=µ

so f is an eigenvector of

T ∗,

and moreover

λ = hT f, f i = hf, T ∗ f i = hf, µf i = µ,

hence T ∗ f = λf . This shows that ker{T − λI} ⊂ ker{T − λI}; the reverse
containment follows upon substituting T ∗ for T .

Hildebrandt’s theorem, along with Theorem 8.2 on corner points, yields:
8.7. Corollary. If λ ∈ W (T ) is a corner point of W (T ) then λ is a normal
eigenvalue of T .
A small modification of Example 2.9 shows that normal eigenvectors need
not always be corner points. Consider the matrix


1 0 0
0 0 2
0 0 0

which represents the operator T = I ⊕ T2 on C3 = C ⊕ C2 , where T2 is twice
the “finite backward shift” of the first paragraph §2.2, and I is the identity
map on C. In S2.2 we saw that this backward shift had numerical range
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equal to the closed disc of radius 1/2, centered at the origin. Thus W (T2 )
is the closed unit disc. By Proposition 2.8 the numerical range of T is the
convex hull of that of I (the singleton {1}) and that of T2 (the closed unit
disc U ). Since 1 lies in the closed unit disc, W (T ) = U . It’s easy to check
that 1 ∈ ∂W (T ) is a normal eigenvalue of T , and it’s certainly not a corner
point of W (T ).

9. Computing the numerical range
The Toeplitz-Hausdorff Theorem provides an elegant method for “computing” the numerical range of a square complex matrix A.13 Observe first
that the matrix
Re A := 12 (A + A∗ )
is self-adjoint, so its numerical range:
(a) lies on the real line (the easy part of Theorem 4.1), and
(b) is the convex hull of its eigenvalues (Proposition 2.5)—in this case,
the closed interval between the maximum and minimum eigenvalues.
From Proposition 1.1 we see that
(18)

W (Re A) = Re W (A).

Let λM (Re A) denote largest eigenvalue of Re A; it’s the right-most point of
the numerical range of Re A, so by (18) above, the vertical line x = λM (Re A)
intersects the boundary of W (A), and W (A) lies in the closed left half-plane
bounded by this line. Moreover, if v is a unit eigenvector of Re A for the
eigenvalue λM (Re A), then w = hAv, vi is a point of W (A), and it’s easy to
check that, thanks to the linearity of the inner product in its first variable,
Re w = λM (Re A).

13The material of this section comes from [11, 1978], see also [10, pp. 33–39].
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Now for simplicity, suppose that W (A) is strictly convex, meaning that its
boundary contains no line segments. Fix a point p in ∂W (A). Since W (A) is
compact and convex, there is a line Lp that contains p and for which W (A)
lies entirely in one of the half-planes Hp determined by Lp . We call Lp a
support line of W (A); the last sentence asserts that W (A) is the intersection
of all the half-planes Hp as p runs through ∂W (A). By our strict-convexity
assumption, p is the only point at which Lp intersects ∂W (A).
Let eiθ be unit vector normal to Lp and pointing away from W (A). Let
Aθ = e−iθ A; then W (Aθ ) has support line Re z = λM (Re Aθ ), so by the work
of the last paragraph, if vθ is a unit eigenvector for Re Aθ corresponding to
the eigenvalue λM (Re Aθ ), then wθ = hAθ v, vi is a point on the boundary
of the numerical range of Aθ , and therefore eiθ wθ is a point on Lp that
intersects the boundary of W (A). By strict convexity, this point is unique,
i.e., must be p. Thus
p = eiθ hAθ vθ , vθ i = heiθ e−iθ Avθ , vθ i = hAvθ , vθ i.

Conversely, given θ ∈ [0, 2π) there is a support line for W (A) intersecting
its boundary, in exactly one point pθ , thanks to strict convexity. According
to what’s just been done, this point is
pθ = hAvθ , vθ i

where vθ is a unit eigenvector (by strict convexity: unique up to ±) for
Re (e−iθ A). The entire boundary of W (A) is therefore traced out by the
points hAvθ , vθ i as θ runs through the interval [0, 2π).
If W (A) is not strictly convex, it will have supporting lines Lp that intersect the boundary in a nontrivial
line segment; these will correspond to

eigenvalues λM Re (e−iθ A) having eigenspace of dimension > 1. The corresponding line segment in ∂W (A) will then be the convex hull of points
hAv, vi where v runs through a unit-vector basis for the eigenspace of
λM Re (e−iθ A) .
The representation of the numerical range discussed here can be discretized into an easily implemented algorithm for approximating the numerical range of a matrix. For a discussion of the resulting algorithm and
its accuracy, see [11, 1978]. For Matlab implementations see, e.g., [7] or [2],
the latter of which also contains a discussion of the method.
10. Some further reading
The reader who finds this material interesting might also wish to consult
[16, 2002], a set of introductory notes on the numerical range that places
more emphasis on finite dimensional and computational aspects of the subject, and provides a proof of the Toeplitz-Hausdorff theorem closer in spirit
to the original one of Hausdorff. Much of the material presented here on
matrices comes from Chapter 1 of the book [10, 1991] by Horn and Johnson,
which is an excellent source for further results and historical references.
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The research literature on numerical ranges and numerical radii is enormous, and ongoing. Here’s a micro-survey of just a tiny portion of what’s
out there.
- In [12, 1951] Rudolph Kippenhahn showed that the numerical range
of a matrix is the convex hull of a certain algebraic curve associated
with that matrix. Kippenhahn’s “boundary generating curve” is still
an active topic of research, and his paper is important enough that
Zachlin and Hochstenback have provided an English translation [23,
2008].
- There are papers identifying classes of matrices that have specified
geometric properties, e.g: circularity, elliptical-ness, boundaries contain flat portions. See, e.g., [17, 2013], [1, 2004], and the references
therein.
- Corner-Point Theorem 8.2 is due to Kippenhahn [12] (see also [10,
Thm. 1.6.3, pp. 50–51]); it has been generalized, with the notion
of “corner point” replaced by “point of non-differentiability” (see [5,
1957]), and even point of “infinite curvature”; see, e.g.: [19, 2000],
[20, 2000], and more recently, [6, 2015].
- Another fascinating subject is the question of mapping theorems for
the numerical range. By the spectral mapping theorem we know
that for each Hilbert-space operator T and holomorphic polynomial
p (in one variable), σ(p(T )) = p(σ(T )). Is there a similar mapping
theorem for the numerical range? The answer is NO, even for 2 × 2
matrices, but the search for a substitute has inspired much research.
Two beautiful recent papers, [13, 2016] and [14, 2017], provide an
excellent survey of, and strikingly simpler proofs for, much of what
is known about this problem.
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