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Overview: Computed Tomography (CT)

Examples of applications of CT:

• Medical imaging (CT, MRI, PET)

• Geophysical imaging

• Industrial radiography

• Astronomy (supernova x-ray structure, solar physics)

• Cargo inspection / security

• Los Alamos
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Overview: Computed Tomography (CT)

From attenuation profile (raw radiograph data) to density profile:

Given data d and projection operator A, find density function f such that Af = d:

• Backprojection (inverse Radon or Fourier transform) [14, 15]

• Algebraic reconstruction [14, 15]

• Linear system / regularization / optimization
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Destination: Limited View CT (LVCT)

Proton Radiography (pRad) [22]

• Can radiograph thicker objects

• Can do material identification

• Can obtain rapid sequences of images (dynamic)

• In the future: less radiation exposure for patients

• Limited number of projection angles (one!)
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Model: Abel Transform

Given a cylindrically symmetric object with density function f , the Abel Transform
of f at each slice is a real-valued function of one variable that maps a point to
the line integral of f through the point. It has an unbounded left-inverse which
amplifies noise in practice [5]. Here is a discretized example of the 1-d Abel
inversion problem:

If the object f is constant on each ring: f1 = P̃1
A1

, f2 =
P̃2−f1A

′
1

A2
, etc.



Model: Radon Transform

To each f ∈ Cc(R2) is associated a function Rf : [0, 2π) × R → R, the Radon
Transform of f :

Rf(φ, ξ) :=

∫
R
f ◦ λξ(t) dt.



Model: Radon Transform

The operator R is invertible [14, §§6.1-2]. If Rf is known on [0, π)× R, then

f(r, θ) =
1

2π2

∫ π

0

∫
R

( 1

r cos(φ− θ)− ξ

)∂Rf
∂ξ

(φ, ξ) dξ dφ.

Radiographs provide samples of Rf ; use the inversion formula to approximate f .



Model: Fourier Transform

For f ∈ L2(R2), the Fourier Transform f̂ of f and its inverse are given by

f̂(ξ) =

∫
R2
f(x)e−2πi〈x,ξ〉 dµ(x), and f(x) =

∫
R2
f̂(ξ)e2πi〈x,ξ〉 dµ(ξ).

If we had samples of f̂ , we could use the inversion formula to approximate f . Hint:



Model: Fourier Transform

Theorem. (Fourier Slice Theorem)
For (φ, ξ) ∈ [0, π)×R and f ∈ Cc(R2), put Aφf(ξ) := Rf(φ, ξ). Then the identity

(Aφf )̂ (ξ) = f̂(ξ) (ξ ∈ `φ) holds.

That is, the Fourier transform of Aφf is a slice of the Fourier transform of f .



Model: Fourier Transform

Recall, Aφf(ξ) =
∫
Rf ◦λξ is the Radon transform of f restricted to the view along

`φ and by the identity (Aφf )̂ (ξ) = f̂(ξ), we obtain samples of f̂ . In the following
computation, let fφ be coordinate representation of f relative to a coordinate
system rotated by φ radians. That is, fφ = f ◦Rφ, where Rφ is the 2× 2 rotation
matrix Rφ =

(
cosφ − sinφ
sinφ cosφ

)
.



Model: Fourier Transform

The Fourier Slice Theorem follows from the calculation

f̂(ξ) =

∫
R2
f(x)e−2πi〈x,ξ〉 dm(x)

=

∫∫
f(x, y)e−2πi〈xe1+ye2,ξ〉 dx dy (in standard coordinates)

=

∫∫
fφ(s, t)e−2πi〈su+tv,ξ〉 ds dt (change of variable)

=

∫ (∫
fφ(s, t) dt

)
e−2πi〈su,ξ〉 ds (v and ξ are orthogonal)

=

∫ (∫
f ◦ λsu(t) dt

)
e−2πi〈su,ξ〉 ds (definition of λsu)

=

∫
Aφf(su)e−2πi〈su,ξ〉 ds (definition of Aφf)

= (Aφf )̂ (ξ) (ξ ∈ `φ).
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Inversion: From Data to Reconstruction

The Radon Transform is invertible but in theory, we require all of the views. This
is the “A Picture is not Uniquely Determined by a Finite Number of its Views”
theorem from [14, §§16.4]:

Theorem: Let M and K be positive integers. For 1 ≤ k ≤ K, let (ξk, φk)
be arbitrary distinct points in the interior of an image region and let Lk be
arbitrary real numbers. Then there is a continuous function g ∈ L2(R2) such
that, for 1 ≤ k ≤ K, g(ξk, φk) = Lk and for 0 ≤ m ≤ M − 1 and for all ξ,
Rg(mπ/M, ξ) = 0.

In other words images f and f + g have the same line integrals (Radon Transform
values) on all of M equally spaced directions, but f and f + g may differ from each
other arbitrarily at an arbitrarily large, finite set of given points.

“In theory, there is no difference between practice and theory. In practice, there
is.” (overheard at a computer science conference in the 1980s)



Inversion: Regularization Methods from Image Analysis

Like LVCT, image analysis problems are inverse problems:

Inpainting: fill in missing pieces of images.

Denoising: reverse the degradation due to noise.

Super Resolution: increase resolution or detail

Tomographic Reconstruction: invert a projection operator

Segmentation: find the objects and their boundaries in an image.

Detection: find persons, houses, and stars.

Recognition: find a particular person or house or star.

Since it is almost always the case that many “true” images could give rise to the
degraded, noisy, measured image or underdetermined (projection) image, we need
to pick a solution from the many candidates. Also apply what is known – perhaps
the solution is continuous, smooth, piecewise polynomial, low dimensional, ...

Regularization helps us pick a solution. See Allard’s work [1, 2, 3] for TV
regularization theory.



Regularization: Choosing the Best Solution

On choosing a reconstruction (regularization):
If a measured image d = u + η is some image u corrupted by noise η with noise
level σ, any point u on the sphere centered at d of radius σ could be measured as
d. How to choose a u?

���
���
�

d
u

Figure 1: Choose any u in a noise ball of radius σ centered at d



Regularization: Choosing the Best Solution

Use knowledge from context to help us choose – the solution is smooth or is
continuous or is piecewise polynomial etc. Also, the smaller R(u) is the more
regular u is. Level sets of R (frequently) pick a unique best u. We invert by
balancing data fidelity, measured by ρ(u, d), against regularity, measured by R(u):

��

���
�

d

u

R(u) = 1

R(u) = 2

For example (L2TV functional):

min
u
R(u) + λρ(u, d) =

regularity︷ ︸︸ ︷∫
|∇u| dµ+λ

data fidelity︷ ︸︸ ︷∫
|u− d|2 dµ



Regularization: Example Functionals

Rudin-Osher-Fatemi (ROF) or L2TV functional [18]:

F (u) =

∫
|∇u| dµ+ λ

∫
|u− d|2 dµ

Metric: L2 distance squared ρ(u, d) =
∫
|u− d|2 dµ = ‖u− d‖22 for data fidelity

Regularization: L1 norm of ∇u, R(u) =
∫
|∇u| dµ = ‖∇u‖1

Properties: The L2 norm comes from an inner product in a Hilbert space so our
geometrical intuition works; norm is strictly convex leading to unique solutions.

L
1

L
2

L
∞



Regularization: Example Functionals

L1TV functional [4, 16, 9, 21]:

F (u) =

∫
|∇u| dµ+ λ

∫
|u− d| dµ

Metric: L1 distance ρ(u, d) =
∫
|u− d| dµ = ‖u− d‖1 for data fidelity

Regularization: L1 norm of ∇u, R(u) =
∫
|∇u| dµ = ‖∇u‖1

Properties: The L1 norm is not from an inner product, so geometrical intuition
for this space is not immediate; norm is not strictly convex so we get non-unique
solutions.

L
1

L
2

L
∞



Regularization: Example Functionals

Tomographic inversion where there is a measurement operator A with a nontrivial
null space:

F (u) = R(u) + λρ(Au, d) =

∫
|∇u| dµ+ λ

∫
|Au− d|2dµ

Regularization chooses a u∗ ∈ u + N where u is any solution to Au = d and
N = {u : Au = 0} 6= {0}.

Above, we regularize by minimizing R(u) =
∫
|∇u| dµ.



Regularization: Choosing a Solution

Regularization can be viewed as:

enforcement of prior: it helps us choose the solution that best fits what we know
about the solution; and

dimension reduction: it can help us reduce the dimension of the object we are
trying to estimate from the data.

While regularization can simply be viewed as a stabilization procedure for inverse
problems, it is justified by the fact that this is one way we can use prior information
to help us choose a solution to an underdetermined inverse problem.



Example: Regularization and Abel Inversion

Here, A is the measurement operator (Abel projection) [5]:

min
u

∫
|∇u| dµ+ λ

∫
|Au− d|2 dµ
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Compressed Sensing: Motivating Example

Compressed sensing: Reconstruction of sparse signals f from a limited number of
linear measurements (also known as compressive sensing, compressive sampling,
sparse sampling). Motivating example [8]:

• Let Φ be an M ×N measurement matrix such that for x ∈ CN , y = Φx is the
vector of Fourier coefficients of x at M frequencies.
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Compressed sensing: Reconstruction of sparse signals f from a limited number of
linear measurements (also known as compressive sensing, compressive sampling,
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• Let Φ be an M ×N measurement matrix such that for x ∈ CN , y = Φx is the
vector of Fourier coefficients of x at M frequencies.

• The sparsity of x is K, or ‖x‖0 = K.

• For this Φ (and other operators), there is a constant C independent of K and
N such that whenever M > CK logN , x is the solution of

min
u
‖u‖0 subject to Φu = y (1)

with very high probability (C depends on desired probability for success, larger
C requires larger M and increases probability).



Compressed Sensing: Motivating Example

Compressed sensing: Reconstruction of sparse signals f from a limited number of
linear measurements (also known as compressive sensing, compressive sampling,
sparse sampling). Motivating example [8]:

• Let Φ be an M ×N measurement matrix such that for x ∈ CN , y = Φx is the
vector of Fourier coefficients of x at M frequencies.

• The sparsity of x is K, or ‖x‖0 = K.

• For this Φ (and other operators), there is a constant C independent of K and
N such that whenever M > CK logN , x is the solution of

min
u
‖u‖0 subject to Φu = y (1)

with very high probability (C depends on desired probability for success, larger
C requires larger M and increases probability).

• In fact, the result holds with the `1 norm, so the NP-hard combinatorial
optimization (1) can be replaced by the convex basis pursuit problem

min
u
‖u‖1 subject to Φu = y.



Compressed Sensing: Motivating Example

(a) Shepp-Logan phantom

(b) Samples of Fourier transform along 22 radial lines

(c) Poor reconstruction by setting unobserved frequencies to 0 and backprojecting

(d) Perfect reconstruction by basis pursuit optimization

Sampling rate is about 50 times smaller than the Nyquist rate.



Compressed Sensing: Restricted Isometries

We can recover a sparse signal for restricted isometries [7, 12]. Let Φ ∈ RM×N ,
x ∈ RN , and consider the basis pursuit problem

min
u
‖u‖1 subject to Φu = Φx. (2)
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• For each integer s = 1, 2, . . . , N , define the restricted isometry constant δs of Φ
as the smallest number such that (1− δs)‖x‖22 ≤ ‖Φx‖22 ≤ (1 + δs)‖x‖22 for all
s-sparse vectors (x is s-sparse if ‖x‖0 ≤ s).
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has a unique solution u∗ and u∗ = x (can replace 3, 4, and 2 with any numbers
b, b+ 1, and b− 1 where b > 1).



Compressed Sensing: Restricted Isometries

We can recover a sparse signal for restricted isometries [7, 12]. Let Φ ∈ RM×N ,
x ∈ RN , and consider the basis pursuit problem

min
u
‖u‖1 subject to Φu = Φx. (2)

• For each integer s = 1, 2, . . . , N , define the restricted isometry constant δs of Φ
as the smallest number such that (1− δs)‖x‖22 ≤ ‖Φx‖22 ≤ (1 + δs)‖x‖22 for all
s-sparse vectors (x is s-sparse if ‖x‖0 ≤ s).

• If x is s-sparse and the isometry constants for Φ satisfy δ3s + 3δ4s < 2, then (2)
has a unique solution u∗ and u∗ = x (can replace 3, 4, and 2 with any numbers
b, b+ 1, and b− 1 where b > 1).

• For intuition [6]: If Φ ∈ RM×N is orthogonal with columns of `2 norm
√
N ,

we recover s-sparse x whenever M ≥ Cµ2(Φ)s logN (µ(Φ) = maxi,j |Φij|).
Intuition comes via flatness or concentration of the rows of Φ.
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Nonconvex Optimization: Better Bounds for p < 1

Modified basis pursuit: minu ‖u‖pp subject to Φu = Φx (‖x‖0 ≤ s).

Restricted isometry condition for u∗ = x when p = 1:

(1− δs)‖x‖22 ≤ ‖Φx‖22 ≤ (1 + δs)‖x‖22, δ3s + 3δ4s < 2. (3)

In fact [11, 12], for p ≤ 1, b > 1, and a = bp/(2−p), u∗ = x whenever

(1− δs)‖x‖p2 ≤ ‖Φx‖pp ≤ (1 + δs)‖x‖p2, δas + bδ(a+1)s < b− 1. (4)

If p = 1 and b = 3, (3) and (4) are equivalent.

When p < 1, a < b so the inequality (4) is weaker when p < 1.

The restricted p-isometry constants in (4) capture how close Φ is to an isometric
embedding of s-dimensional subspaces of `2(RN) into `p(RM).
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Nonconvex Optimization: Geometry of `p



Example: CT in the Field

For p = 1
2, adequate reconstructions were achived with 6 views using a modified

implementation by PR [17] of an iterative algorithm [19, 20] to solve
u∗ = arg minu ‖∇u‖pp + λ‖Au− d‖22.
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