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ABSTRACT. In these lectures I’ll try to make the case that “f(x) = x” is themost important equation in all of mathematics.
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1. INTRODUCTION
1.1. What is a fixed point? Suppose f is a map taking some set S into itself.To say a point x ∈ S is a fixed point of f is just to say that f(x) = x.A map f can have many fixed points (e.g. the identity map on any set) or nofixed points (e.g. the mapping of “translation-by-one,” x → x + 1, on the realline). On real intervals we have a nice way of picturing the fixed points ofa function: they are the x-coordinates of the points where the graph of thatfunction crosses the line y = x.
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2 J. H. SHAPIRO
1.2. Example: Newton’s Method. Suppose for simplicity that f is a differ-entiable function R → R, and that its derivative f ′ is continuous and nevervanishes on R. Consider the “Newton function” F of f :(1) F (x) := x − f(x)

f ′(x) (x ∈ R).
One can think of F (x) as the horizontal coordinate of the point at which theline tangent to the graph of f at the point (x, f(x)) intersects the x-axis. Since
f ′ doesn’t vanish, F is a continuous mapping taking R into itself; note thatthe roots of f (those points x ∈ R such that f(x) = 0) are precisely the fixedpoints of F .More to the point: Newton’s method involves iterating the Newton function inthe hope of generating approximations to the roots of f . One starts with aninitial guess x0, sets x1 = F (x0), x2 = F (x1), etc., and hopes that this sequenceof “Newton iterates” (xn) converges to a root. Geometrically it seems clearthat if the Newton iterate sequence converges then it must converge to a root.This is true, and is in fact a special case of something quite general. Suppose,for example, that S is a metric spaceat this point it’s enough to think of S assubset of Rn, or even Rand that F : S → S is continuous. Suppose furtherthat x0 ∈ S has the property that its iterate sequence

x1 = F (x0), x2 = F (x1), x3 = F (x2), . . .converges to a point p ∈ S. Then it is an easy exercise to show that F , thanksto its continuity, has p as a fixed point.
1.3. Example: Initial value problems. Suppose now that f : R2 → R is con-tinuous. Then given a point (x0, y0) ∈ R2 we can consider the initial value
problem (IVP)(2) y′ = f(x, y), y(x0) = y0 .Geometrically, the IVP (2) asks for a differentiable function y whose graph isa smooth curve in the plane that has the following properties:

- it passes through the point (x0, y0), and- at each of its points (x, y) it has slope f(x, y).
It’s natural to attempt to solve the differential equation y′ = f(x, y) by inte-grating both sides with respect to x; with a little more care we can even build
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in the initial condition, arriving at an integral equation

(3) y(x) = ∫ x

t=x0 f(t, y(t))dt + y0
that’s equivalent to the original IVP in the sense that a function y satisfies (3)for some interval of x’s (containing x0) iff it satisfies IVP for that same interval.To make the connection with fixed points, let C (R) denote the vector spaceof continuous, real valued functions on R, and consider the integral transform
T : C (R)→ C (R) defined by:
(4) (Ty)(x) = ∫ x

t=x0 f(t, y(t))dt + y0 (x ∈ R).
Then, a function y ∈ C (R) satisfies our IVP (2) iff (as we’ve already noted) itsatisfies integral equation (3), iff it is a fixed point of the mapping T .We’ll discuss the existence and uniqueness of such fixed points in §2.
1.4. The Brouwer Fixed Point Theorem. The most easily stated, and deepestof the fixed-point theorems we’ll discuss, was proved in 1912 by the Dutchmathematician L. E. J. Brouwer [1]. Its initial setting is the closed unit ball Bof Euclidean space Rn.
The Brouwer Fixed Point Theorem. Every continuous mapping of B into itself
has a fixed point.

It’s easy to see that the result remains true if B is replaced by any of itshomeomorphic image (i.e., any set G = f(B) where f is continuous and one-to-one, and f−1 : G → B is also continuous).For n = 1 the proof of Brouwer’s theorem is easy. In this case we’re talkingabout a continuous function f mapping B = [−1, 1] into itself. We may suppose
f doesn’t fix either endpoint (otherwise we’re done), so we must have f(−1) >
−1 and f(1) < 1. In other words, the continuous function g(x) := f(x) − x ispositive at −1 and negative at 1. By the Intermediate Value Theorem, g musttake the value zero at some point of [−1, 1], and that point is a fixed point for
f .For n > 1 the proof is much more difficult, and there are many differentversions. In §4 we’ll give one that uses only methods of “advanced calculus.”
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1.5. Application: Positive matrices. Let’s call a matrix A “positive” (written“A > 0”) whenever all its entries are (strictly) positive.1
Theorem. Every positive square matrix has a positive eigenvalue, to which
corresponds a positive eigenvector.

Proof. We’ll view Rn as a space of column vectors, and to measure distancestherein we’ll use the “one-norm:”
‖x‖1 := |ξ1|+ |ξ2|+ . . . + |ξn|where ξj is the j-th coordinate of the vector x. Let K denote the set of non-negative vectors in the closed ‖ · ‖1-unit sphere of Rn, i.e, K := {x ∈ Rn+ :

‖x‖1 = 1}, where Rn+ denotes the set of vectors in Rn, all of whose coordinatesare non-negative.Now suppose A is an n× n positive matrix. Then the map F defined by
F (x) := Ax

‖Ax‖1 (x ∈ K )
takes K continuously into itself (thanks to the positivity of A, which insures thaton K the denominator in this definition is never zero). But K is homeomorphicto Bn−1 (obvious for n = 2, intuitively clear for n = 3, and a nice littleexercise otherwise), so by Brouwer’s Theorem the mapping F has a fixed point
x0 ∈ K . Thus x0 is a vector with non-negative coordinates, and Ax0 = λx0,where λ = ‖Ax0‖1 > 0.We still need to check that x0 is actually a positive vector. Suppose it isn’t,i.e. that one of its coordinatessay the j-th oneis zero. Then that samecoordinate of Ax0 is zero. But the j-th coordinate of Ax0 is the dot productof the j-th row of A with the (transpose of the) column vector x0. Since theentries of A are all strictly positive, and the entries of x0 are non-negative,and not all zero, this dot product can’t be zero, so we have a contradiction.Conclusion: x0 > 0. �

This result is part of a famous theorem of Perron (1907) which asserts that theeigenvalue λ we’ve produced above is, in fact, the maximum of the moduli of the
all the (real or complex) eigenvalues of A. Perron further proved that this ”Per-ron eigenvalue” has “geometric multiplicity one,” in that the subspace of Rnof all vectors v with Av = λv has dimension one. In 1912 Frobenius extended

1Warning: This is not to be confused with the notion of “positive-definite”, which is somethingcompletely different.
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Perron’s results to matrices with non-negative entries. The “Perron-Frobenius”theory is the subject of ongoing research, with an enormous literature acrossmany scientific areas. For more on this see e.g. [10, Chapter 2], [23], or [24].
1.6. The Banach Contraction Mapping Principle. The theorem we’re goingto apply (in the next section) to both Newton’s Method and the Initial ValueProblem is perhaps the best known fixed-point theorem. It was proven in the1920’s by the Polish mathematician Stefan Banach [2] in his doctoral disser-tation. Although its setting is more general than that of Brouwer’s theorem,the theorem’s proof isperhaps paradoxicallya lot simpler.Banach’s theorem is set in a metric space (S, d) where S is a set and d is a
metric on S i.e., a function d : S × S → R+ such that

- d(x, y) = 0 iff x = y,- d(x, y) = d(y, x) ∀ x, y ∈ S- d(x, z) ≤ d(x, y) + d(y, z) ∀ x, y, z ∈ S.
The last property is called, for obvious reasons, “the triangle inequality.”Think, for example, of S as Rn or any subset thereof, where d(x, y) is theEuclidean distance between x and y.The class of mappings addressed by Banach’s Principle are called strict con-
tractions.2 To say F : S → S is one of these means that there is a positive“contraction constant” c < 1 for which(5) d(F (x), F (y)) ≤ cd(x, y) ∀ x, y ∈ S.Clearly every strict contraction is continuous on S. With this in mind, here’s thestatement of Banach’s Contraction Mapping Principle. It applies to completemetric spaces, i.e., those for which every Cauchy sequence converges.
The Banach Contraction Mapping Principle. Suppose (S, d) is a complete
metric space and F : S → S is a strict contraction. Then F has a unique fixed
point, and every iterate sequence converges to this point.

I’ll prove this in the next section. For now, a few comments. Note first thatthe uniqueness is a simple consequence of the “strictness” of the contraction,for if F (p) = p and F (q) = q for some p, q ∈ S then
d(p, q) = d(F (p), F (q)) ≤ cd(p, q)

2These are often just called “contractions”.
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and since 0 < c < 1 we must have d(p, q) = 0, whereupon p = q, as promised.However uniqueness can fail if in (5) we merely assume that the contractionconstant c is 1. Example: the identity map on any metric space with morethan one point. Similarly, if c = 1 then existence can fail, as shown by theexample F (x) = x + 1 defined on the real line.Finally, the existence part of the theorem can fail if the hypothesis of com-pleteness is omitted. For example, if S is the semi-closed interval [−1, 1)endowed with the usual metric of the real line, and F : S → S is defined by
F (x) = (1 + x)/2, then F is a strict contraction on S (with c = 1/2), but hasno fixed point (in S). This example also shows that “closed-ness” of the unitball is essential in Brouwer’s fixed-point theorem.

2. BANACH’S CONTRACTION MAPPING PRINCIPLE
At the end of the last section I introduced the notion of a strict contraction ona metric space, stated the Banach Contraction Mapping Principle, discussedthe uniqueness part of its statement, and showed how the result can fail ifits hypotheses of completeness or “strictness” are omitted. In this section I’llcomplete the proof of the Contraction Mapping Principle, and give applicationsto both Newton’s method and initial value problems.
2.1. Proof of the Contraction Mapping Principle. First it’s worth noting acrucial property of strict contraction mappings. In the last section we observedthat if (S, d) is a metric space, F : S → S is continuous, and x0 is a point of Sfor which the iterate sequence converges, then the limit of that sequence hasto be a fixed point of F . If we make the stronger assumption that F be a strict
contraction, then there results a very strong converse: If p is a fixed point of
F then every iterate sequence converges to p.To see why this is true, fix x0 ∈ S and define the iterate sequence (xn) in theusual way: x1 = F (x0), . . . , xn = F (xn−1), . . . . Then, upon recalling that Fsatisfies (5) of the last section, with c < 1:

d(xn, p) = d(F (xn−1), F (p)) ≤ cd(xn−1, p) . . . ≤ cnd(x0, p),so d(xn, p)→ 0 as n→∞, i.e., (xn) converges to p, as promised.So to prove Banach’s Principle there can be only one strategy: Fix a point
x0 ∈ S and prove that its iterate sequence converges. Since our metric spaceis complete it’s enough to show that (xn) is a Cauchy sequence, i.e. that given
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ε > 0 there is a positive integer N such that whenever the indices m and nare ≥ N we have d(xn, xm) < ε.To this end, consider a pair of indices m < n and observe, from the triangleinequality that

d(xn, xm) ≤ n−1∑
j=m d(xj+1, xj )

while from the definition of “iterate sequence” and the strict contractiveness ofthe mapping F :
d(xj+1, xj ) = d(F (xj ), F (xj−1) ≤ cd(xj , xj−1) . . . ≤ cjd(x1, x0)whereupon (since c < 1)
d(xm, xn) ≤ n−1∑

j=m c
jd(x1, x0) ≤ d(x1, x0) ∞∑

j=m c
j = d(x1, x0)1− c cm

Now given ε > 0, we may choose N so that d(x1,x0)1−c cN < ε, which insures, bythe above chain of inequalities, that N ≤ m < n ⇒ d(xm, xn) < ε, hence ouriterate sequence (xn) is Cauchy. �

2.2. Application to Newton’s Method. Suppose f is a real-valued functiondefined on a finite, closed interval [a, b] of the real line, and that we know
f has a root somewhere in the open interval (a, b). We’re going to use theContraction Mapping Principle to show that, under suitable hypotheses on f ,Newton’s method, for any starting point, converges to this root.More precisely, suppose f ∈ C2(I), with f ′ never zero on I, and that f hasdifferent signs at the endpoints of I, say (without loss of generality) f(a) < 0and f(b) > 0. Then f has a unique root x∗ in the interior (a, b) of I. Underthese hypotheses we have:
Theorem. There exists δ > 0 such that for any x0 in the interval [x∗−δ, x∗+δ],
Newton’s method with starting point x0 converges to x∗.

In other words, under reasonable hypotheses on f , if you start close enoughto a root of f then the iteration sequence for the Newton function (1) willconverge to that root.
Proof. Let M denote the maximum of |f(x)′′| as x ranges through I, and let mdenote the corresponding minimum of |f ′(x)|. By continuity, and the hypothesisthat f ′ never vanishes on I we know that M is finite and m > 0.
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According to (1) the Newton function for f is:

F (x) = x − f(x)
f ′(x) (x ∈ I)

whereupon the quotient rule for differentiation gives
F ′(x) = f(x) f ′′(x)

f ′(x)2 (x ∈ I).
This formula, along with our bounds on f ′ and f ′′, yields the estimate

|F ′(x)| ≤ M
m2 |f(x)| (x ∈ Iδ)so upon shrinking δ enough to insure that

|f(x)| ≤ m22M for x ∈ Iδ := [x∗ − δ, x∗ + δ](possible because f is continuous at x∗ and takes the value zero there) we seethat |F ′(x)| ≤ 1/2 for each x ∈ Iδ .This estimate on F ′ does the trick! For starters, if x, y ∈ Iδ then, along withthe mean value theorem of differential calculus, it shows that
|F (x)− F (y)| ≤ 12 |x − y| ∀x, y ∈ Iδ .Thus F is a strict contraction on Iδonce we know F maps that interval intoitself. But it does, since the same inequality shows that for each x ∈ Iδ (uponnoting that the root x∗ of f is a fixed point of F ):

|F (x)− x∗| = |F (x)− F (x∗)| ≤ 12 |x − x∗| ≤ 12 δ < δso F (x) ∈ Iδ , as desired.Thus Banach’s Contraction Mapping Principle applies to the strict contraction
F acting on the complete metric space Iδ = [x∗−δ, x∗+δ], and guarantees thatfor any starting point in Iδ the corresponding F-iteration sequence convergesto the fixed point of F , which must necessarily be the unique root of f in I. �
2.3. Application to initial value problems. Consider once again the initialvalue problem (IVP) given by equations (2) of Section 1.3. Recall that afunction y satisfies this IVP if and only if it satisfies the equivalent integralequation (3), and that this means y is a fixed point of the integral transforma-tion T , as defined on some appropriate interval by (4). We’ll show that, underappropriate hypotheses, this integral transform is a contraction mapping on a
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suitable complete metric space of functions, and this will guarantee, by Ba-nach’s Contraction Mapping Principle, a unique solution to our IVP within thatmetric space.The “suitable space” in question is considerably more complicated than thereal intervals on which we analyzed Newton’s Method. Instead of the real line,our initial setting will be C (I), the space of real-valued functions continuouson a finite, closed, real interval I. On C (I) we define the “max-norm”

‖f‖ := max
x∈I
|f(x)| (f ∈ C (I))and use this to define a metric d by:

d(f, g) = ‖f − g‖ (f, g ∈ C (I)).In this metric a sequence converges (resp. is Cauchy) if and only if it converges(resp. is Cauchy) uniformly on I. A fundamental property of uniform conver-gence is that every sequence in C (I) that is uniformly Cauchy on I convergesto a function in C (I) [30, Thms. 7.14 & 7.15, pp. 150–151], i.e. the metric space(C (I), d) is complete. Our task will be to find an appropriate interval I andclosed subset S of C (I) on which the Contraction Principle applies. This willtake a little work.Here’s another difference between what we’re about to do and what we did inapplying Banach’s Principle to Newton’s Method. We knew in advance thatthe Newton function had a unique fixed point in some initial interval (namely:the root of the original function f , which we decreed to be at the center ofthat interval), and we used Banach’s principle to show that, upon shrinkingthis interval appropriately, we could guarantee that the Newton iteration se-quence (i.e. “Newton’s Method”) converged to the fixed point. For initial valueproblems, however, we don’t know in advance that solutions exist, so we’ll berelying on Banach’s Principle to produce both a unique solution in an appro-priate metric space of functions, and provide an algorithm for approximatingthis solution.In what follows we’ll consider the initial value problem (2) in the followingsetting. The domain of the real-valued function f , instead being the wholeplane as it was in §1.3, will be defined only a compact rectangle R in R2centered at (x0, y0), with sides parallel to the coordinate axes. More precisely,
R = [x0−ρ, x0 +ρ]× [y0−h, y0 +h] for some positive numbers h and ρ. We’ll
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assume f is continuous on R and that ∂f

∂y exists at every point of R and iscontinuous there.3
The Picard-Lindelöf Theorem. For f and R as described above, there exists
a positive number r ≤ ρ such that on the interval [x0 − r, x0 + r] the initial
value problem(6) y′ = f(x, y), y(x0) = y0
has a solution and on that interval this solution is unique.

Strategy of proof. We’re going to use the fact, discussed in §1.3 that a functiondefined on an interval I centered at x0, and of length ≤ 2ρ, is a solution of ourinitial value problem if and only if it is a fixed point of the integral mapping
Tu(x) = ∫ x

t=x0 f(t, u(t))dt + y0 (x ∈ I).
where u runs through some appropriate class of functions continuous on I. Atthe very least all the points (t, u(t)), as t runs through I, must lie in R , whichdemands that(7) |u(t)− y0| ≤ h for every t ∈ I.
Since I is compact, the absolute value of each u ∈ C (I) has a maximum, whichwe’ll denote by ‖u‖. Then there’s a natural metric on C (I) defined by

d(u, v) = ‖u− v‖ (u, v ∈ C (I)),and since convergence (resp. Cauchy-ness) in the metric d is the same asuniform convergence (resp Cauchy-ness), the metric space (C (I), d) is complete(see [30, Theorem 7.15, page 151] for example). In this setting inequality (7)above can be described succinctly as:
u belongs to the closed ball B(y0, h) in C (I) of radius h, centered at
the constant function y0.Thus, in order to use the Banach Contraction Mapping Principle in findinga fixed point for the mapping T , we will have to show that I can be chosen,first so that T maps the ball B(y0, h) into itself, and nextby appropriatelyshrinking I if necessarythat T is a strict contraction on that ball.

Proof of Theorem. Let’s temporarily fix a positive number r ≤ ρ, to be deter-mined shortly; and work for the moment on the interval I := [x0 − r, y0 + r].
3To say a derivative exists on a closed set means here that the function being differentiatedis actually defined and differentiable on some open superset.
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The integral operator T is defined on B := B(y0, h), the closed ball in C (I)having center at the constant function y0 and radius h, since for functions inthat ball the graph over I is contained in R . Thus for every function u in Band every x ∈ I:
|Tu(x)− y0| = ∣∣∣∣∫ x

t=x0 f(t, u(t))dt∣∣∣∣ ≤ ∫ x

t=x0 |f(t, u(t))|dt ≤ M|x − x0| ≤ Mr
where M denotes the maximum of the continuous function |f | over the compactrectangle R . Thus we can insure that T takes B into itself by requiring
r ≤ h/M.The next task is to show that we can further restrict r so as to guaranteethat T is a strict contraction on B (of course B is changing with r). For this,observe thatupon writing M′ for the maximum of | ∂f∂y | over Rwe obtain

|Tu(x)− Tv(x)| = ∣∣∣∣∫ x

t=x0 [f(t, u(t))− f(t, v(t))]dt∣∣∣∣
= ∣∣∣∣∣∫ x

t=x0
[∫ u(t)

s=v(t)
∂f
∂y (t, s)ds]dt∣∣∣∣∣

≤
∣∣∣∣∫ x

t=x0 M′ |u(t)− v(t)|dt∣∣∣∣
≤ M′ ‖u− v‖ |x − x0|
≤ M′ r‖u− v‖ .Thus upon choosing r to be the minimum of h/M and 1/(2M′) we guarantee thatif I = [x0− r, x0 + r] then the integral operator T takes B strictly contractivelyinto itself. Since this ball is a closed subset of the complete metric space C (I),Banach’s Contraction Mapping Principle guarantees the T has a fixed pointtherein, and this fixed point is a solution to our initial value problem, in factthe only one in B. We’ve already noted that any solution of the initial valueproblem on the interval I has to belong to B, so the fixed point provided byBanach’s Principle is in fact the only solution to our initial value problem. �

2.4. Remarks. (a) The result seems to originate in Lindelöf’s 1894 paper [21],in which he generalizes earlier work of Picard. The iteration associated withBanach’s principle is often called in this in this special case “Picard Iteration.”Note that the proof given above will still work if the differentiability of f inthe second variable is replaced by to a “Lipschitz condition”
|f(x, y1)− f(x, y2)| ≤ M′|y2 − y1| ((x, y1), (x, y2) ∈ R).
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(b) It’s instructive to illustrate the “local” nature of the result above by consid-ering the simple initial-value problem y′ = a(1 + y2), y(0) = 0, where a > 0.The unique solution is easily seen to be: y(x) = tan(ax), for which the max-imal interval of existence is (− π2a , π2a ). Thus, even though the right-hand side
f(x, y) = 1 + y2 of our differential equation is infinitely differentiable (evenreal-analytic) on the entire plane, the solution exists only on a finite intervalwhich, for large a, is very small. Thus in nonlinear situations we must beaware that singularities can arise “unexpectedly.”(c) The interval of existence/uniqueness promised us by Banach’s Principlecould be very small. There is, however, always a maximal such interval, andthis interval has the property that the solution’s graph continues out to the
boundary of the region on which the function f is defined and continuously
differentiable. More precisely: Suppose f is continuously differentiable on anopen set G that contains the point (x0, y0), and let I now denote the above-mentioned maximal interval of existence/uniqueness for the IVP (6). Then thegraph over I of this solution leaves every compact subset of G. For details see,e.g. [28, §2.4].(d) Our restriction to first order differential equations may seem severe, but infact it’s not. For example, the second order problem on the real interval I:

y′′ = f(x, y, y′), y(x0) = y0, y′(x0) = y1 (x ∈ I)can be rewritten as:(8) Y ′ = F (x, Y ), Y (x0) = Y0 (x ∈ I)where Y = (y, y′) is a function taking I into R2, Y0 = (y0, y1) is a vector in
R2, and F (x, Y ) = (y′, f(x, y, y′)) maps the original domain of f (a subset of
R3) into R2.It’s not difficult to check that the proof given above for our original “scalar-valued” IVP works almost verbatim (with the Euclidean norm replacing theabsolute value) for the vector valued one, and produces a unique solution forthe second order IVP. Of course the idea generalizes readily to initial valueproblems of order > 2.(e) In a similar vein our analysis of Newton’s Method can be generalized tohigher dimensions. Suppose the function f maps some open set G of Rn intoitself, and that f(p) = 0 for some point p ∈ G. If we assume that all first andsecond order partial derivatives of the components of f are continuous, and thatthe derivative f ′, which is now a linear transformation on Rn, is nonsingular



FIXATED BY FIXED POINTS 13
at every point of G, then, just as in the single-variable case, we can form the“Newton function”

F (x) = x − f ′(x)−1 f(x)where on the right-hand side we see the inverse of the linear transformation
f ′(x) acting on the vector f(x). A bit more work than before shows that, whenrestricted to a suitable closed rectangle centered at p, the function F is a strictcontraction, so for any point in that rectangle the Newton iteration convergesto p.

3. TOWARD A PROOF OF BROUWER’S THEOREM: RETRACTIONS
Let’s say that a metric space (S, d) has the “fixed point property” if every con-tinuous mapping of the space into itself has a fixed point. With this terminologythe Brouwer Fixed Point Theorem discussed in §1.4 can be restated:
The Brouwer Fixed Point Theorem. For every positive integer n, the closed
unit ball of Rn has the fixed point property.

We’ll prove this theorem in the next section. The proof will involve reducing thetheorem to an equivalent result about an important class of mappings called
retractions. This reduction, and these mappings, form the subject matter ofthis section.
3.1. Retractions. Suppose S is a metric space and A is a subset of S. To saythat a continuous mapping P : S → A is a retraction of S onto A means that
P(S) = A and the restriction of P to A is the identity map on A. An equivalentway to restate “P|A = identity on A ” is: “P = P ◦ P .”Perhaps the most familiar example of a retraction is a projection of Rn onto asubspace. Here are two such examples, where S = R2 and A is the horizontalaxis. Write x ∈ R2 in real coordinates x = (x1, x2).(a) Let P(x) = (x1, 0). Here P is the orthogonal projection of R2 onto thehorizontal axis.(b) Let P(x) = (x1 + x2, 0). Now P projects x at a 45◦ angle onto thehorizontal axis.
Here’s another example that’s more immediately relevant to our program. Let
S be the closed annulus in R2 centered at the origin, with inner radius 1/2,and outer radius 1. Let A be the outer boundary of S, i.e., the unit circle.
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For x ∈ S let P(x) = x/‖x‖. Then P takes S onto A, and its restriction to Ais the identity map on that set. It’s easy to check (draw a picture) that P iscontinuous, hence it’s a retraction of the annulus S onto its outer boundary,the unit circle. The reason this is of interest to us is that no such mappingexists for the unit disc

The unit circle not a retract of the closed unit disc.

This is a special case of the following result, the proof of which will occupy
§4.
The “No Retraction” Theorem”. For each positive integer n, there is no re-
traction taking the closed unit ball of Rn onto its boundary.

3.2. No Retraction Theorem ⇒ Brouwer Fixed Point Theorem. Here we’llshow that the No Retraction Theorem implies the Brouwer Fixed Point The-orem. Since we’ve already proved, in §1.4, the Brouwer Theorem for n = 1,we’ll work in Rn with n > 1.Suppose, for the sake of contradiction, that the closed unit ball B of Rn does nothave the fixed point property, i.e., that there is a continuous map f : B→ B thathas no fixed point. We’ll use f to construct a retraction of B onto its boundary.The retraction is easily visualized: for x in B we know that f(x) 6= x, so we candraw the half-line L that starts at f(x) and passes through x. Let P(x) be thepoint at which L intersects ∂B. Clearly P is a map taking B onto its boundary,and fixing every point of that boundary. It’s easy to convince yourselfe.g. bydrawing a picture for the case n = 2that P is continuous (proof in a moment),and so is a retraction taking B onto its boundary, thus contradicting the NoRetraction Theorem.So to complete the proof of Brouwer’s theoremassuming the No RetractionTheoremwe need only verify, independent of pictures, the continuity of themap P, whose definition we can write, for x ∈ B, as:(9) P(x) := x + λ(x)u(x)where u(x) is the unit vector in the direction from f(x) to x:
(10) u(x) := x − f(x)

‖x − f(x)‖and λ(x) is a non-negative scalar chosen to make ‖P(x)‖ = 1.Since x− f(x) is continuous on B, and never zero there (because f has no fixedpoint), the denominator on the right-hand side of (10) is bounded away from
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zero (compactness of B), hence u inherits the continuity of f . As for λ = λ(x),it is the non-negative solution to the equation0 = ‖P(x)‖2 − 1 = ‖x + λu(x)‖2 − 1 = λ2 + 2bλ− cwhere b = 〈x, u(x)〉 (the dot product of the vectors x and u(x)) and c = 1−‖x‖2,which is ≥ 0. From the quadratic equation there’s only one such solution:
(11) λ = −b+√b2 + c = −〈x, u(x)〉 + √

〈x, u(x)〉2 + (1− ‖x‖2)Note that the condition “ λ = 0 when ‖x‖ = 1 ” is satisfied because in thiscase 〈x, u(x)〉 > 0, reflecting the fact thatas a simple picture showsin thiscase the line segment from f(x) to x makes an acute angle with the one fromthe origin to x. However, hewing to our vow to prove the continuity of Pindependently of pictures, the following calculation is perhaps preferable:
0 ≤ 〈x, u(x)〉 = ‖x‖2 − 〈x, f(x)〉

‖x − f(x)‖ ⇐⇒ 0 ≤ ‖x‖2 − 〈x, f(x)〉
⇐⇒ 〈x, f(x)〉 ≤ ‖x‖2 = 1where the last inequality holds thanks to the Cauchy-Schwartz inequality.4Thus λ(x) depends continuously on x ∈ B, hence so does P(x). �

3.3. More on retractions. The argument above, reducing the Brouwer FixedPoint Theorem to the No-Retraction Theorem, might seem at first to be just aclever trick. In fact:
The Brouwer Theorem is equivalent to the No-Retraction Theorem.

Proof. Suppose the No-Retraction Theorem fails, i.e.that there exists a retrac-tion P of B onto its boundary. Then Q := −P is a continuous map taking Binto itself which is easily seen to have no fixed point. So the Brouwer theoremfails. Thus “Brouwer” implies “No Retraction.” �

Retractions and fixed points are intimately bound up in other ways, as shownby the following result.
Theorem 3.1. Every retract of a space with the fixed point property has the
fixed point property.

4I thank Paul Bourdon for this calculation.
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Proof. Suppose S is a metric space with the fixed point property, A is a subsetof S, and P : S → A is a retraction of S onto A. Let f : A→ A be a continuousmap. We need to show that f has a fixed point. Since g := f ◦ P maps S intoitself it has a fixed point. Since g maps S into A, this fixed point, call it a,belongs to A. But the restriction of P to A is the identity map, so

a = g(a) = f(P(a)) = f(a)so a is a fixed point of f . �

Which spaces have the fixed point property? Every one-point space has it(trivially), and for each positive integer n the closed unit ball of Rn has it(nontriviallythis is Brouwer’s Theorem, whose proof we haven’t yet com-pleted). Thanks to Theorem 3.1, we can use the Brouwer Theorem to exhibitmore examples. The one below is not homeomorphic to any closed ball in anyEuclidean space (exercise).
Example 3.2. In R2 let S be the union of the closed intervals of length twoalong the x and y axes respectively, centered at the origin. Then S has thefixed point property.
Proof. Let B denote the closed unit ball of R2 (a.k.a “the closed unit disc”).Then S ⊂ B, so by Brouwer’s theorem and Theorem 3.1 above, we need onlyshow that S is a retract of B. We’ll accomplish this by modifying the “non-orthogonal” projections introduced above in §3.1. The set S divides B into fourquadrants. Bisect each of these quadrants by 45◦ lines, and project each pointin B onto S by moving it parallel to the closest of these quadrant bisectors.Thus, each point of one of the bisectors goes to the origin, each point of theregion y > |x| to that part of S above the y-axes, . . . , and, by this recipe,the points of S get left alone. The result is a map P that takes B onto S, andwhose restriction to S is the identity. I leave it to you to convince yourselfthat P is continuous. �

Theorem. Every compact convex subset of Rn has the fixed point property.

Proof. Let C be a compact convex subset of Rn. In case n = 1 our set is justa closed interval, which we already know has the fixed point property, so let’sassume (although we’re not really going to need to) that n > 1.CLAIM. C is a retract of Rn.
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Even though Rn does not have the fixed point property, this will prove ourresult. Indeed, since C is compact it is contained in a closed ball B, whichby Brouwer’s theorem, has the fixed point property. The CLAIM gives us aretraction P of Rn onto C , and the restriction of P to B is a retraction of Bonto C . The result will now followonce we’ve proved our CLAIMfrom Theorem3.1.
Proof of the CLAIM. The retraction we’re about to produce is of crucial impor-tance in its own rightit is the Closest Point Map. Suppose x ∈ Rn. Since Cis compact there is at least one point κ ∈ C with ‖x−κ‖ = inf{‖x−c‖ : c ∈ C}(proof: There is a a sequence (cj ) of points in C for which ‖x − cj‖ convergesto the infimum in question. By the compactness of C , this sequence has aconvergent subsequence, whose limit is a point closest to x. Now replace thewhole minimizing sequence by this convergent one).CLAIM: This “closest point” κ is unique.Indeed, suppose k ∈ C is another point “closest to x.” For convenience let

d = inf{‖x − c‖ : c ∈ C} = ‖x − κ‖ = ‖x − k‖Let v = x − κ and w = x − k . By the Parallelogram Law:
‖v + w‖2 + ‖v − w‖2 = 2‖v‖2 + 2‖w‖2 = 4d2 .On the other hand, ‖(v + w)/2‖ = ‖(κ + k)/2 − x‖ ≥ d, since, by convexity,(κ + k)/2 ∈ C . This, along with the last display, yields4d2 + ‖v − w‖2 ≤ 4d2

so ‖v − w‖ = 0, i.e. v = w, i.e. κ = k . This proves the CLAIM.Now that we know there’s a unique closest point in C to x, let’s give it a name:
P(x). Thus P maps Rn onto C , and fixes each point of C . To show that Pretracts Rn onto C we need only verify its continuity. This follows quickly fromthe “closest-point uniqueness” from which the mapping P owes its definition.
Proposition. Suppose (X, d) is a metric space with a compact subset A for
which every x ∈ X has a unique closest point P(x) in A. Then P is a retraction
of X onto A.

Proof of Proposition.5 Define the function “distance to A” by:
dA(x) := inf{a ∈ A : d(x, a)} (x ∈ X ).

5I thank Steve Silverman and Mau Nam Nguyen for showing me this argument.
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Note first that dA : X → [0,∞) is continuous; in fact, it is “non-expansive” inthe sense that(12) |dA(x) − dA(y)| ≤ d(x, y) (x, y ∈ X ).To see why this is true, fix x and y in X ; suppose (without loss of generality)that dA(x) ≥ dA(y). Then for every a ∈ A dA(x) ≤ d(x, a) ≤ d(x, y) + d(y, a),from which follows (thanks to the fact that a was an arbitrary element of A)that dA(x) ≤ d(x, y) + dA(y).Note: this continuity of “distance-to-A” is quite general; we have used neitherthe compactness of A, nor the uniqueness, nor even the existence, of the “closestpoint in A to x.”Now let’s return to our compact subset A that does have the “unique closestpoint” property, and the map P(x) = “closest point in A to x.” We’re trying toshow that P is continuous, so fix x0 ∈ X and suppose (xn) is a sequence in
X that converges to x0. Our goal is to show that P(xn) → P(x0). Since A iscompact, the sequence (P(xn)) of closest points has a subsequence convergentto a pointcall it y0of A. To keep notation under control, let’s replace(temporarily) the whole sequence by this subsequence, so that P(xn) → y0.Then:

dA(x0) = lim
n
dA(xn) (continuity of dA)= lim

n
d(xn, P(xn)) (definition of P)= d(x0, y0) (definition of y0)so y0 is a closest point in A to x0, hence by uniqueness, y0 = P(x0). Thisargument actually proves that if x0 is any point of x and (xn) is any sequencethat converges to x0, then every subsequence of (xn) has a further subsequencewhose image under P converges to P(x0). Thus P(xn) → P(x0), as desired.This completes the proof of the Proposition, and with it the proof that theclosest-point mapping of Rn onto the compact convex subset C is continuous,and is therefore a retraction. �

Remarks. (a) With a little more care we can weaken the compactness hypoth-esis on the convex set C to just “closed-ness.” The idea is that an application,similar to the one above, of the Parallelogram Law shows that the “minimizingsequence” (cj ) discussed above is actually a Cauchy sequence, and thereforeconverges, its limit being the unique closest point in C to x. In case C is a
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linear subspace of Rn, this closest point turns out to be the orthogonal pro-jection of x onto C . These arguments generalize, with no essential changes,to the setting of infinite dimensional Hilbert space (see [35, §3.2, page 26 ff.],for example).(b) For a closed convex subset of Rn (or more generally of any Hilbert space)the “closest point map” P is more than just continuous: it is “non-expansive”in the sense that

‖P(x)− P(y)‖ ≤ ‖x − y‖for all x, y ∈ Rn; see for example, [15, Theorem 3.13, page 118] for the details.6
4. PROOF OF THE BROUWER FIXED-POINT THEOREM

In 3.2 we showed that the Brouwer Fixed Point Theorem (henceforth “BFPT”)is equivalent to the No-Retraction Theorem (henceforth “NRT”) in the sensethat each implies the other. In this section we’ll complete the proof of theBFPT by proving a “C1-version” of the NRT, and showing that this suffices toestablish the BFPT. The argument is a modification, due to to C. A. Rogers[29], of an idea originally due to John Milnor [25]. Here is the outline. Firstwe’ll show that:
(*) C1-NRT =⇒ C1-BFPT =⇒ BFPT,

where, the prefix “C1-” means that the result is only being claimed for mapswhose (real-valued) coordinate functions have continuous first order partialderivatives on some open set that contains B. Then we’ll get down to businessand give the Milnor-Rogers proof of the C1-NRT, i.e. we’ll prove that there isno C1-retraction taking the closed unit ball B of Rn onto its boundary.
4.1. Proof of (*). (a) C1-BFPT =⇒ BFPT: This is a straightforward argumentthat is based on a well-known approximation theorem. We are assuming thatevery C1-mapping of B into itself has a fixed point, and desire to prove thatthe same is true of any continuous map. The key is the following well-knownapproximation theorem:

Given f : B→ Rn continuous and ε > 0 there exists a C1-map
g : B→ Rn with |f(x)− g(x)| ≤ ε for every x ∈ B.

6I thank Mau Nam Nguyen for this reference.
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For example the Stone-Weierstrass Theorem (see e.g. [30, Theorem 7.6, page159]) guarantees that the coordinate functions of g can even be chosen to bepolynomials (in n variables).Suppose f : B → B is a continuous map. We desire to show that f has afixed point. To this end let (εk ) be any sequence of positive numbers conver-gent to zero, and for each natural number k chooseby the above-mentionedapproximation resulta C1-map fk : B→ Rn with(13) |fk (x)− (1− εk )f(x)| ≤ εk (x ∈ B).By the “reverse triangle inequality” we have |fk (x)| − (1 − εk )|f(x)| ≤ εk forevery x ∈ B and each index, i.e.

|fk (x)| ≤ εk + (1− εk )|f(x)| ≤ εk + (1− εk ) = 1.Thus fk maps B into itself, so by our assumption that the C1-BFPT holds,
fk has a fixed point pk ∈ B. By the (ordinary) triangle inequality, for every
x ∈ B:

|fk (x)− f(x)| = |fk (x)− (1− εk )f(x)− εkf(x)|
≤ |fk (x)− (1− εk )f(x)|+ εk |f(x)|
≤ εk + εk = 2εkso in particular(14) |f(pk )− pk | = |f(pk )− fk (pk )| ≤ 2εk (k ∈ N),i.e., pk is a “2εk-approximate fixed point of f .” The compactness of B insuresthat the sequence (pk ) has a subsequence convergent to a point p ∈ B. Afterappropriately renaming the subscripted f ’s, p’s, and ε’s, we may assume that

pk → p, from which (14) and the continuity of f imply that f(p) = p. Thus fhas a fixed point, as we wished to prove.This last part of the argument will be needed later on, so it seems worthwhileto isolate what it actually proves.
The Approximate Fixed Point Lemma. Suppose f is a continuous map of a
compact metric space into itself, and that for each ε > 0 there is a point xε in
the space such that the distance from f(xε) to xε is < ε. Then f has a fixed
point.

(b) C1-NRT =⇒ C1-BFPT: Suppose C1-BFPT fails, so there exists a C1-map f : B → B with no fixed point. We’ll show that the retraction P givenby equations (9)–(11) in the proof that NRT =⇒ BFPT is, in this case, a
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C1-map. The only issue here is the C1-nature of the parameter λ(x) on theright-hand side of equation (9), but this follows immediately from equation (11)and the fact that, on the right-hand side of that equation the quantity underthe radical sign is C1 andas was noted at the end of §3.2strictly positivefor each x ∈ B. �

4.2. Proof of C1-NRT. This is the heart of our proof of the BFPT. Suppose
C1-NRT is false, i.e. suppose there exists a C1-retraction P taking B ontoits boundary. We will show that this leads to a contradiction. The argumentcomprises three steps.STEP I: A bridge from the identity map to P.For 0 ≤ t ≤ 1 define the map Pt on B by(15) Pt(x) = (1− t)x + tP(x) (x ∈ B).Directly from this definition it follows that:

* P0 is the identity map on B, while P1 = P.* Each Pt is a C1-map thatsince each of its values is a convex combi-nation of two elements of Btakes B into itself.* Each map Pt fixes every point of ∂B.
For the next step let B◦ denote the open unit ball of Rn, i.e. the interior of B.STEP II: For all sufficiently small t, Pt is a homeomorphism of B◦ onto itself.In short, for t sufficiently close to zero Pt behaves a lot like the identity map
P0. Let’s defer the proof of this statement until we’ve seen how it leads to thedesired contradiction.STEP III: Deriving the contradiction.Define h : [0, 1]→ R by the multiple Riemann integral:
(16) h(t) := ∫

B◦
detPt ′(x)dx (0 ≤ t ≤ 1),

where P′t(x) is the derivative of Pt evaluated at x ∈ B◦. Here we view P′t(x)as an n× n matrix whose entries are continuous real-valued functions on B◦.By STEP II we know (or will know once we prove it) that there exists t0 ∈ (0, 1)such that Pt maps B◦ homeomorphically onto itself for all t ∈ [0, t0]. Thus by(16) and the change-of-variable formula for multiple integrals,
h(t) = ∫

Pt (B◦) dx = Volume of B◦ (0 ≤ t ≤ t0).
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On the other hand, detPt ′ is a polynomial in t with continuous real-valuedcoefficients, so h is a polynomial in t with value equal to the volume of B◦on the interval [0, t0], and therefore has that constant value for all values of
t. In particular, h(1) > 0. But P1 = P maps B◦ into the unit sphere ∂B, asubset of Rn that has no interior, so by the inverse function theorem (see [30,Thm. 9.24, page 221], for example) its derivative matrix P1(x)′ is singular forevery x ∈ B◦. Thus for t = 1 the integrand on the right-hand side of (16) isidentically zero, hence h(1) = 0, which is the desired contradiction.PROOF OF STEP II. This takes place in several stages, each of which expressesthe fact that as we restrict t to increasingly smaller values, Pt inherits suc-cessively more properties of P0, the identity map.STEP IIA: For all t sufficiently small, Pt is one-to-one on B.

Proof. Because P is a C1-map on B, for any pair x, y of points in B theLipschitz estimate
‖P(x)− P(y)‖ ≤ L‖x − y‖where L is a constant independent of x and y. Thus, for x, y ∈ B and 0 ≤ t ≤ 1:

‖Pt(x)− Pt(y)‖ = ‖(1− t)(x − y) + t[P(x)− P(y)]‖
≥ (1− t)‖x − y‖ − t‖P(x)− P(y)‖
≥ (1− t)‖x − y‖ − tL‖x − y‖= [1− t(1 + L)] ‖x − y‖ .

Conclusion: 0 ≤ t < 1/(1 + L) =⇒ Pt is one-to-one.7 �

STEP IIB: For all t sufficiently small, Pt is a homeomorphism of B◦ onto Pt(B◦).
Proof. From the definition (15) of Pt we see that for each t ∈ [0, 1]:

Pt ′(x) = (1− t) I + t P′(x) (x ∈ B)where I denotes the n×n identity matrix. Thus the “C1-ness” of the retraction
P translates into continuity for the map (t, x)→ Pt ′(x) as it takes the compactproduct space [0, 1] × B into the space of n × n real matrices (endowed withthe topology of Rn2). Since continuous functions on compact metric spaces areuniformly continuous, the function (t, x)→ detPt ′(x) is a uniformly continuousreal-valued function on [0, 1]×B. Since P0′(x) is the n× n identity matrix foreach x ∈ B, it follows from this uniform continuity that there exists 0 < t0 <

7I thank Paul Bourdon for this improvement of my original argument.
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1/C (where C is the constant of Step IIa) such that detPt ′(x) ≥ 1/2 for each(t, x) ∈ [0, t0]× B, hence Pt ′(x) is invertible for all those pairs (t, x).Now fix t ∈ [0, t0]. By the inverse function theorem, for every x ∈ B◦ there is anopen ball centered at x and contained in B◦ such that Pt is a homeomorphismof this ball onto its Pt-imagethis image being contained in B◦ thanks to theinjectivity of Pt . Thus Pt(B◦) is an open subset of B◦. In summary: the map Ptis both injective and a local homeomorphism on B◦, so it is a homeomorphismonto Pt(B◦). �

STEP IIC: For all t sufficiently small, Pt(B◦) = B◦.

Proof. Suppose Pt(B◦) 6= B◦. Then there is a point y0 ∈ B◦ that belongs tothe boundary of Pt(B◦). One can therefore choose a sequence (yk ) of points in
Pt(B◦) with yk → y0. Thus there exists a sequence (xk ) in B◦ with Pt(xk ) = ykfor each index k . By passing to an appropriate subsequence we may assume,thanks to the compactness of B, that (xk ) converges to some point x0 ∈ B. Bythe continuity of Pt we have y0 = Pt(x0), so x0 ∈ B◦ (else x0 ∈ ∂B and we’dhave y0 = x0since Pt fixes each point of ∂Bcontradicting the assumptionthat y0 ∈ B◦). Thus y0 = Pt(x0) lies in Pt(B◦), contradicting our assumptionthat y0 lies on the boundary of that open set. �

This completes the proof of STEP II, and with it, that of the Brouwer FixedPoint Theorem.
5. THE SCHAUDER FIXED-POINT THEOREM

The material of this section is based on Steve Silverman’s lecture of November30, 2012.
5.1. An infinite dimensional Brouwer Theorem? Does the Brouwer FixedPoint Theorem generalize to infinite dimensional situations? The answer is“yes and no.” In the previous section we proved two versions of Brouwer’sTheorem:

VERSION 1. The closed unit ball of Rn has the fixed point prop-
erty,

and more generally (but, in fact, equivalently):
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VERSION 2. Every compact convex subset of Rn has the fixed
point property.

If Rn is replaced by an infinite dimensional normed linear space, then Version1 fails spectacularly, as was shown in 1951 by Dugundji [12, Theorem 6.3,page 362] (see also [20] for further generalizations).
For any infinite dimensional normed linear space, the closed
unit ball does not have the fixed point property.

In contrast, Schauder [33, 1930] showed that Version 2 of Brouwer’s theorem
survives in infinite dimensional normed spaces. This is the “Schauder FixedPoint Theorem;” its proof and its application to initial value problems will beoccupy the rest of this sectionafter we engage in a little more stage-setting.The proof of the Brouwer theorem depended implicitly on compactness of theclosed unit ball of Rn. No infinite dimensional normed space has this prop-erty (cf. the result of Dugundji mentioned above); see, e.g. [31, Theorem 1.22,page 17] for an an even more general result. To observe this non-compactnessin action in infinite dimensional Hilbert space, note that for any orthonormalsequence the distance between two distinct elements is √2, hence such a se-quence, which belongs to the closed unit ball, has no convergent subsequence,thus rendering that closed ball noncompact.For a concrete example of the infinite dimensional failure of Brouwer Version1, let’s work in the particular Hilbert space `2 consisting of square-summablereal sequences. Let (en)∞1 be the standard orthonormal basis in that space (enis the sequence with 1 in the n-th position and zero elsewhere), andfollowingKakutani [17, 1943]define the map T on `2 by

Tf := (1− ‖f‖)e1 + ∞∑
n=1 f(n)en+1 = (1− ‖f‖, f(1), f(2), . . .) (f ∈ `2)

where we regard an element of `2 both as a real-valued function on the set ofnatural numbers (the first equation), and as a list of real numbers (the secondone). Then for ‖f‖ ≤ 1:
‖Tf‖ ≤ ‖(1− ‖f‖)e1‖+ ∥∥∥∥∥ ∞∑

n=1 f(n)en+1
∥∥∥∥∥ = (1− ‖f‖) + ‖f‖ = 1,

so T takes the closed unit ball B of `2 into itself, andit’s easy to seedoesso continuously. But:
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T has no fixed point in B.

Indeed, if f ∈ B then upon equating components in the equation Tf = f wesee that f(n) = 1− ‖f‖ for each n ∈ N. But f ∈ `2, so f(n)→ 0. Since f is aconstant function, this forces f(n) to be 0 for all n. But then ‖f‖ = 1−f(1) = 1,a contradiction.We’ll commence below the proof of the Schauder Fixed Point Theorem. Themajor step will involve showing each compact subset of a normed linear spacecan be “almost” embedded in the (necessarily compact) convex hull of a finitesubset of its points. Application of the Brouwer theorem to these finite dimen-sional convex hulls will then produce, for the map in question, approximatefixed points whichthanks to compactnesscan be chosen to converge to anactual fixed point.
5.2. Preliminaries. The proof of the Schauder theorem requires some standardpreparatory results. For the rest of this section we’ll let X and Y denote a(real) normed (linear) spaces, and will denote the norms in these spaces by
‖ · ‖, letting the context determine the space in which the norm is operating.
Proposition. A linear map between two normed linear spaces is continuous if
and only if it is bounded on some ball centered at of the origin.

Proof. Let T : X → Y be a linear transformation. Suppose T is bounded onsome ball B of X . Thanks to the homogeneity of the mapping T we can assumethat B is the open unit ball of X . Let M = sup{‖Tx‖ : x ∈ B}. Then for anytwo points x1 and x2 in X we have x1 − x2 ∈ ρB, where ρ = ‖x1 − x2‖,whereupon, thanks again to homogeneity,
‖Tx1 − Tx2‖ = ‖T (x1 − x2)‖ ≤ M‖x2 − x1‖thus establishing the continuity of T .Conversely, if T is continuous then the inverse image of the open unit ball in

Y is an open subset of X that contains the origin, and so contains, for some
ε > 0, the open ball of radius ε in X centered at the origin. Thus the valuesof T on this ball are bounded in norm by 1. �

Proposition. If dim(X ) = n <∞ then X is linearly homeomorphic to Rn.

Proof. Let (ej : j = 1, 2, . . . n) be the standard unit vector basis in Rn (so
ej is the vector with 1 in the j-th coordinate and zeros elsewhere), and let
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(xj : j = 1, 2, . . . n) be any basis for X . Define the map T : Rn → X by
Tv = ∑

j λj (v)xj where λj (v) is the j-th coordinate of v ∈ Rn (i.e. T is thelinear map that takes ej to xj for 1 ≤ j ≤ n). Thus T is a linear isomorphismof Rn onto X . Since each of the linear functionals λj is continuous on Rn itfollows that T is continuous. So left to prove is the continuity of T−1.To establish this, recall the notation from the previous sections: B denotes theclosed unit ball of Rn and ∂B is its boundary, the unit sphere. Now ∂B is acompact subset of Rn that does not contain the origin. Thus T (∂B), thanksto the continuity and injectivity of T , is a compact subset of X that does notcontain the origin, hence T (∂B) is disjoint from some open ball W in X thatis centered at the origin.I claim that Ω := T−1(W ) is contained in B◦, the open unit ball of Rn. Thiswill establish that T−1 is bounded on W , thusby the previous Propositioninsuring its continuity. To see that Ω ⊂ B◦, note that Ω:
- is convex, thanks to the linearity of T−1, hence arcwise connected,- contains the origin, and,- does not intersect ∂B, thanks to the injectivity of T−1.

That does it! If Ω were not contained entirely in B◦ it would have to passthrough ∂B, which it does not. �

To see this same argument at work in far greater generality, see [31, Theorem1.21, pp. 16-17].
Corollary. In any normed linear space the convex hull of a finite set of points
is compact.

Proof. Each such convex hull is contained in a finite dimensional subspaceof our normed space. This finite dimensional subspace is, by the Propositionabove, linearly homeomorphic to a finite dimensional Euclidean space. Thislinear homeomorphism takes the convex hull in question to the convex hull ofa finite set in Euclidean space, which is clearly bounded, easily seen to beclosed, and therefore compact. Thus the original convex hull is compact. �

Here is the approximation result we’ll need. Recall that to say a subset S ofa metric space is totally bounded means that for every ε > 0 there is a finitesubset Fε ⊂ S such that every point of S lies within ε of some element of Fε,i.e., S is contained in the union of the ε-balls with centers in Fε. The set Fε
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is called an ε-net for S. With this terminology it’s easy to see that: Every
compact subset of a metric space is totally bounded.

5.3. The Schauder Projection. We can now formulate the key step in the proofof the Schauder Fixed Point Theorem. We employ the notations: conv(A) forthe convex hull of a subset A of a normed space, and for any metric space wedenote by B(x, r) the open ball of radius r centered at the point x.
Proposition. Suppose K is a compact convex subset of a normed linear space
X . Then given ε > 0 and an ε-net Fε contained in K , there exists a continuous
map Pε : K → conv(Fε) such that ‖Pε(x)− x‖ < ε for every x ∈ K .

Proof. We are assuming that Fε = {x1, x2, . . . xN}, where K ⊂ ∩Nj=1B(xj , ε).For each index j define τj : K → [0,∞) by
τj (x) :=

 ε − ‖x − xj‖ if x ∈ K ∩ B(xj , ε)
0 if x ∈ K\B(xj , ε)(The graph of τj is a sort of “tent” over the part of K that lies within ε of xj ;this is most easily visualized when K is a subset of the real line). Since each

τj is continuous on K , and strictly positive on K ∩ B(xj , ε), it follows that thefunction τ defined by
τ(x) := N∑

j=1 τj (x) (x ∈ K )
is strictly positive and continuous. Thus we can define, for each index j, thecontinuous function λj : K → [0, 1], by

λj (x) := τj (x)
τ(x) (x ∈ K ).

The function λj is strictly positive on B(xj , ε)∩K , and identically zero off thatset, and the sum of the λj ’s is identically 1 on K . Thus the map Pε defined on
K by

Pε(x) := N∑
j=1 λj (x)xj (x ∈ K )

maps K continuously into conv(Fε), with
‖Pε(x)− x‖ = ‖ N∑

j=1 λj (x)(xj − x)‖ ≤
N∑
j=1 λj (x)‖xj − x‖ (x ∈ K ).
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In the last sum on the right, λj (x) is zero whenever ‖x − xj‖ is ≥ ε, hence forevery x ∈ K :

‖Pε(x)− x‖ < ε
N∑
j=1 λj (x) = ε

as we wished to show. �

The final estimate above is perhaps better viewed like this: The coefficient
λj (x) vanishes for those vectors xj that lie outside the ball B(x, ε), so Pε(x)− xis a “subconvex” combination of points in that ball, and so also lies in thatball.The map Pε constructed above of often called the “Schauder Projection” of Konto conv(Fε).
5.4. Proof of the Schauder Fixed Point Theorem. We’re given a compact,convex subset C of a normed space X , and a continuous map f : C → C . Wewish to show that f has a fixed point. By the “Approximate Fixed Point Lemma”of §4.1 it’s enough to show that given ε > 0 there exists xε ∈ C such that
‖f(xε)− xε‖ < ε.So let ε > 0 be given, choose an ε-net Fε ⊂ C , and let Pε be the Schauderprojection of C onto conv(Fε) that’s promised by the last Proposition. Then
gε := Pε ◦ f maps C continuously into conv(Fε), and so maps conv(Fε) con-tinuously into itself. Since conv(Fε) is a compact, convex subset of a finitedimensional subspace of X , it is homeomorphic (even linearly) to a compact,convex subset of a finite dimensional Euclidean space, so by “Version 2” of theBrouwer Fixed Point Theorem, gε has a fixed point xε that lies in conv(Fε),and hence in C . Thus:

‖f(xε)− xε‖ = ‖f(xε)− gε(xε)‖ = ‖f(xε)− Pε(f(xε)‖ < εwhere the final estimate follows from the Proposition of the last section. Thiscompletes the proof of the Schauder Fixed Point Theorem. �

5.5. Return to initial value problems. In §2.3 we used the Banach Contrac-tion Mapping Principle to prove the Picard-Lindelöf theorem on solutions offirst order initial value problems. This theorem required an extra smoothnesscondition on the right-hand side of the differential equation in (2), in returnfor which the Banach Principle guaranteed uniqueness, as well as existence.Thanks to the Schauder Fixed Point Theorem we’ll be able to prove existence
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of solutions without any extra smoothness, but at the cost of giving up unique-ness. The setting will be the same as in §2.3: f will be a real-valued functionthat is continuous on a compact rectangle R = [x0−r0, x0 +r0]× [y0−h, y0 +h]and M will denote the maximum of the absolute value of f over R . Under justthese hypotheses the Schauder Fixed Point Theorem will provide:
Peano’s Theorem. Let r = min{h/M, r0}. Then the initial value problem

y′ = f(x, y), y(x0) = y0
has a solution on the interval [x0 − r, x0 + r].
Proof. Let I denote the interval [x0 − r, x0 + r]. From our proof of the Picard-Lindelöf theorem we know that, thanks to our choice of the parameter r, theintegral operator T defined by:

Tu(x) = y0 + ∫ x

t=x0 f(t, u(t))dt u ∈ C (I)
maps the closed ball B := B(y0, h)those functions in C (I) with distance atmost h from the constant function y0into itself. We also know that in orderto show that the initial value problem

y′ = f(x, y) y(x0) = y0has a solution on I it’s sufficient (and necessary) to show that T has a fixedpoint.Now B, although closed in C (I), is not compact (exercise), so we can’t applythe Schauder theorem directly. However, we’ll be able to show that T (B) is
relatively compact, and this will turn out to be enough. To prove this relativecompactness it’s enough to show, by the Arzela-Ascoli Theorem (see e.g. [30,Theorem 7.25, page 158]), that T (B) is bounded in C (I), and equicontinuouson the interval I, i.e. for every ε > 0 there exists δ > 0 such that

x, y ∈ I & |x − y| < δ =⇒ |Tu(x)− Tu(y)| < ε for all u ∈ B.The boundedness of T (B) has already been established, since we’ve chosenthe half-length r of I so that T (B) ⊂ B. To prove equicontinuity, fix u ∈ B
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and observe that for each pair of points x, y ∈ I with |x − y| < δ,

|Tu(x)− Tu(y)| = ∣∣∣∣∫ x

t=x0 f(t, u(t))dt − ∫ y

t=x0 f(t, u(t))dt∣∣∣∣
= ∣∣∣∣∫ y

t=x f(t, u(t))dt∣∣∣∣
≤

∣∣∣∣∫ y

t=x |f(t, u(t))|dt∣∣∣∣
≤ M|x − y| .Thus if ε > 0 is given and |x − y| < ε/M, then |Tu(x)− Tu(y)| < ε for every

u ∈ B, thus establishing the equicontinuity of T (B).Now the equicontinuity of T (B) carries immediately over to conv(T(B)), which,being contained in B, is also bounded. Thus conv(T(B)) is relatively compact,and so its closure, K , in C (I) is compact. Since T (B) ⊂ K , the Schaudertheorem applies to the restriction of T to K , and furnishes the desired fixedpoint. �

5.6. Non-Uniqueness in Peano’s Theorem. In contrast to the existence anduniqueness provided under the additional smoothness required by the BanachContraction Mapping Principle, the Schauder theorem, which requires only acontinuity hypothesis, yields the existence of solutions without any guaranteeof uniqueness. The example below shows that non-uniqueness can naturallyoccur. Consider, for example, the initial value problem
y′ = −2y1/2, y(1) = 0.

y(t) = (1− t)2 is a solution for t ≥ 0, but so is y ≡ 0, and more realistically,so is
y(t) =

 (1− t)2 (0 ≤ t ≤ 1)
0 (t ≥ 1).This “realistic” solution expresses a physical phenomenon discovered by Evan-galista Toricelli (1608–1647). Toricelli’s Law states that water issues from asmall hole in the bottom of a container at a rate that is proportional to thesquare root of the water’s depth (see e.g. [11] for more details). This leadsto an IVP like the one above for which y(t) is the depth of the water in thecontainer at time t ≥ 0. In our “realistic” solution the water starts out atheight 1 when t = 0, the container runs dry at t = 1, and thereafter stays dry.
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5.7. “Generalization” of the Schauder Fixed Point Theorem. The last partof our proof of Peano’s theorem provides an extension of The Schauder FixedPoint Theorem to maps defined on closed convex sets that are not necessarilycompact.
Corollary. If C is a closed convex subset of a normed linear space, and f : C →
C is a continuous map with f(C ) relatively compact, then f has a fixed point.

Here “relatively compact” means that the closure is compact, i.e., that theoriginal set is totally bounded. For the proof of this corollary we need auseful result which generalizes our previously noted fact that, in a normedspace, the convex hull of a finite set of points is compact.
Lemma. The convex hull of a relatively compact subset of a normed linear
space is relatively compact.

Proof of Lemma. In our normed space let Br denote the open ball of radius rcentered at the origin. Given subsets A and B of that space, we’ll denote by
A+ B the collection of sums a+ b where a ranges through A and b through
B.Suppose A is a totally bounded subset of our normed space. We wish to showthat conv(A) is totally bounded. To this end let ε > 0. Then A has an ε/2-net
F , i.e. A ⊂ F + Bε/2. Then conv(F), being the convex hull of a finite set, iscompact, hence totally bounded, and therefore possesses an ε/2-net G, i.e.conv(F) ⊂ G + Bε/2. Thus

A ⊂ F + Bε/2 ⊂ conv(F) + Bε/2and since the latter set, being the sum of two convex sets, is convex, we haveconv(A) ⊂ conv(F) + Bε/2. Putting it all together:conv(A) ⊂ conv(F) + Bε/2 ⊂ G + Bε/2 + Bε/2 = G + Bε .Thus G is an ε-net for conv(A), so conv(A) is totally bounded. �

Proof of Corollary. Since f(C ) is a relatively compact subset of the convex set
C , by the last Lemma its convex hull is relatively compact. Thus the closure,
K , of conv(f(C)) is compact in our normed space, and since C is closed, K ⊂ C .Now f(K ) ⊂ f(C ) ⊂ K , so Schauder’s Theorem applies to the restriction of fto K , yielding the desired fixed point. �
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6. FIXED-POINT THEOREMS FOR COMMUTING MAPS

The Schauder Fixed Point Theorem assures us that every continuous map tak-ing a compact convex subset of a normed space into itself has a fixed point.Suppose, more generally, that we have a family of such maps, each of whichcommutes under composition with all the others. Might the Schauder theorembe extended to provide us with a common fixed point for all these maps? En-couragement for such a possibility comes from the fact that for any commutingfamily of self-maps of a set, the (possibly empty) fixed point set of each mapin the family is taken into itself by all the other maps. In particular, if oneof the maps has a unique fixed point (e.g. if the underlying set is a completemetric space and the map in question is a strict contraction), then that pointis also fixed by every map in the family.However, the problem of extending the Schauder theorem, even to a pair ofcommuting continuous maps on the closed unit interval, apparently first floatedIn the 1950’s by several mathematicians independently,8 defied solution until1969 when Boyce [5] and Hunecke [16] independently produced (highly non-trivial) counterexamples.On the other hand, in the 1930’s Markov [22] used an extension due, to Ty-chonov, of the Schauder theorem to show that common fixed points do exist invery general settings for commutative families of affine mappings on compactconvex sets. A couple of years later Kakutani [18] gave a direct proof thatworks in even more generality; this result, and some of its many applications,forms the content of the present section.9
6.1. Commuting families of affine maps. The setting for this section is a gen-eral (real) Hausdorff topological vector space, i.e. a vector space V over thereal field on which there is a topology that “respects” the vector operations, inthe sense that addition, when viewed as a map from the product space V × Vinto V , is continuous, as is scalar multiplication, viewed as a map R×V → V .If C is a convex subset of V , a map f : C → V is called affine if, whenever xand y belong to C and 0 ≤ t ≤ 1, then f(tx + (1− t)y) = tf(x) + (1− t)f(y).Clearly such a map preserves convexity, and, by a straightforward induction,respects more general “convex sums.” Affine maps arise most commonly as the

8See the first paragraph of [5].9The material of this section and the next is based on Steve Silverman’s lecture of January11, 2013.
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restrictions of linear maps to convex sets, and these are the only ones that willconcern us here. Finally, let us say that a family of self-maps of some set is
commuting if any pair of maps in the family commutes under composition.With this terminology in place, here is the main result of this section.
The Markov-Kakutani Fixed Point Theorem. Suppose V is a Hausdorff topo-
logical vector space inside of which K is a compact, convex subset. Suppose
A is a commuting family of continuous affine maps taking K into itself. Then
there exists a point p ∈ K such that Ap = p for every A ∈ A .

Proof. This is Kakutani’s proof from [18]. We may, without loss of generality,assume that the identity map I on K belongs to A . For f ∈ A and n ∈ N let
fn denote the composition of f with itself n times, and set f0 = I. Then each
fn is again an affine, continuous mapping of K into itself, as is

fN := 1
N + 1 N∑

n=0 fn (N = 0, 1, 2, · · · ).
Let

S := {fN(K ) : N = 0, 1, 2, · · · , and f ∈ A }Clearly every common fixed point of A belongs to ⋂S . Conversely, if p ∈⋂
S then for each N = 0, 1, 2, · · · there exists qN ∈ K with p = fN(qN),after which a simple calculation based on the fact that f respects convex sumsshows that for each non-negative integer N:

(17) f(p)− p = 1
N + 1 [qN − fN+1(qN)] ∈ 1

N + 1 (K − K ).CLAIM: f(p) = p.To see why this is true, first note that K − K (the set of algebraic differencesof all pairs of elements of K ), being the image of the compact set K under themap (x, y)→ x + (1)y that takes V × V into V , is compact in V .Next, fix an open neighborhood U of the origin in V , and observe that, thanksto the continuity of scalar multiplication, for each x ∈ V there is a positivescalar ε such that εx ∈ U . Or, turning things around, V = ⋃
ε>0(1/ε)U . Inparticular, the compact set K − K is covered by the collection of open sets

{(1/ε)U : ε > 0}, so thanks to the previously noted compactness a finitesubcollection of these open sets covers K − K as well. In other words, for allsufficiently small ε > 0 we have ε(K−K ) ⊂ U . In particular, from equation (17)we see that f(p)− p ∈ U for all sufficiently large N. Since U is an arbitrary



34 J. H. SHAPIRO
open neighborhood of the origin, and since the topology of our ambient vectorspace V is Hausdorff, we see that f(p) = p, as desired.Thus ⋂S is precisely the set of common fixed points for A .It remains to show that ⋂S is non-empty. Since each of the sets in thefamily S is a closed subset of the compact set K , it’s enough to show thateach finite subfamily of S has non-empty intersection. To this end, fix such afinite subfamily S0 := {fm(K ), gn(K ), · · · , hk (K )} and note that

K0 := (fm ◦ gn · · · ◦ hk )(K )is a nonempty subset of fm(K ). By commutativity, K0 is equally well a subsetof gm(K ), · · · , hk (K ), and so belongs to the intersection of all the sets in S0,hence as desired, this intersection is nonempty. �

6.2. Application: Haar measure for compact abelian groups. By analogywith the definition of topological vector space, a topological group is a group
G endowed with a topology that renders both its group operation G×G → Gand its operation of inversion G → G continuous. We’ll assume here that alltopological groups are Hausdorff. Recall that a positive measure of total massone on a sigma algebra of subsets of some set is called a probability measure.
Theorem 6.1. Every compact abelian topological group has a unique prob-
ability measure µ on its Borel sets that is G-invariant in the sense that
µ(gE) = µ(E) for every Borel subset E of G.

Here the notation gE denotes the collection of all elements ge of G, where
e runs through G. The measure µ promised by this theorem is called the
Haar measure of G. For a familiar example, take G to be the unit circle, withcomplex multiplication as its group operation, whereupon Haar measure is justnormalized Lebesgue arc-length measure.
Proof. UNIQUENESS: If µ and ν are Borel probability measures on G invariantin the sense described above, then for each f ∈ C (G) we have, by the changeof variable formula of measure theory [14, Theorem C, page 163]:∫

f(x)dµ(x) = ∫ f(gx)dµ(x)
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for every g ∈ G (where “∫ ” denotes “∫G”). Upon integrating both sides of theabove equation with respect to ν, and applying Fubini’s theorem, we obtain∫

f(x)dµ(x) = ∫ ∫
f(gx)dµ(x)dν(g) = ∫ ∫ f(gx)dν(g)dµ(x)

= ∫ ∫
f(g)dν(g)dµ(x) = ∫ f(g)dν(g)

with the first and last equalities follow from the G-invariance of µ and thefact that both µ and ν have total mass one, the second one from Fubini’stheorem, and the third from the commutativity of G and the invariance of ν.Thus ∫ f dµ = ∫
f dν for every f ∈ C (G), so µ = ν by the uniqueness part ofthe Riesz Representation Theorem.EXISTENCE: We aim to apply the Markov-Kakutani Theorem to produce thedesired invariant measure; our task is to find the appropriate topological vectorspace V , compact subset K , and family of affine maps A to which to applythe theorem.For any compact group G, abelian or not, let C (G) denote the space of con-tinuous real-valued functions on G (it’s a Banach space when endowed withthe supremum (= “maximum”) norm, but we won’t be needing this fact). Eachelement γ of G defines a linear transformation Lγ on C (G) by[Lγf ](α) = f(γα) (f ∈ C (G), α ∈ G) .For each pair γ, δ of elements of G we see that LγLδ = Lδγ . From this itfollows that each operator Lγ is invertible, with inverse Lγ−1 . The map γ → Lγis therefore an “anti-homomorphism” (called the left regular representation of

G) taking G into the group of linear transformations taking C (G) onto itself.In our case, where G is abelian, the collection {Lγ : γ ∈ G} is an abeliangroup of linear transformations on C (G).However, in order to apply the Markov-Kakutani theorem to produce the de-sired measure, we can’t stay within the comfortable confines of C (G); it’snecessary to work instead in its algebraic dual space C (G)], the space of
all linear functionals on C (G). This is a real vector space, and it’s naturallyendowed with a Hausdorff vector topology, namely the topology of pointwise
convergence on C (G). This is the topology C (G)] inherits as a subset of theproduct space RC (G) (= all functions C (G)→ R). In this topology a net of func-tions on C (G) converges if and only if it converges at each point of C (G). Therestriction of this product topology to C (G)] is called the weak-star topology.
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Let K denote the collection of “means” on C (G), i.e. linear functionals Λ on
C (G) that are “positive” in the sense that Λ(f) ≥ 0 whenever f ∈ C (G) takesonly non-negative values, and which take the value 1 on the constant function1.10 Such a functional respects pointwise inequalities in the sense that if fand g are in C (G) and f(x) ≤ g(x) for every x ∈ G, then Λ(f) ≤ Λ(g) (proof:
g− f ≥ 0 on G, so Λ(g− f) ≥ 0; now use linearity.).Now each f ∈ C (G), being continuous on a compact set, is bounded, and |f |attains its supremum on G. Let’s denote this supremum by ‖f‖, and note that,since −‖f‖ ≤ f ≤ ‖f‖ on G, we have for each Λ ∈ K ,
−‖f‖ = −‖f‖Λ(1) = Λ(−‖f‖) ≤ Λ(f) ≤ Λ(‖f‖) = ‖f‖Λ(1) = ‖f‖ .For f ∈ C (G) let If denote the closed real interval [−‖f‖, ‖f‖] . The abovecalculation shows that each Λ ∈ K belongs to the product space ∏f∈C (G) If ,which is compact by the Tychonoff theorem. The weak-star topology on C (G)]coincides on K with this product topology (both of them being just the topol-ogy of pointwise convergence on C (G)), so K is a relatively weak-star compactsubset of C (G)]. It’s easy to check that K is weak-star closed in C (G)] (par-tial proof: positivity is preserved by pointwise convergence), hence weak-starcompact, and that it’s convex.

Summary: We now possess two-thirds of the ingredients necessary for anapplication of the Markov-Kakutani theorem:
◦ The linear topological space V := C (G)], taken in its weak-star topol-ogy, and
◦ The compact convex subset K of V consisting of all means on C (G).

It remains only to determine the commuting family A of continuous affinemaps of K . For this, recall that for a vector space X , any linear transformation
T : X → X , induces on the dual space X ] the adjoint transformation T ] : X ] →
X ] by means of the formula

T ]Λ = Λ ◦ T (Λ ∈ X ]).One checks easily that, if X ] is given its weak-star topology (the topology ofpointwise convergence on X ), then
◦ T ] is a continuous linear transformation on X ], and
◦ If S is another linear transformation on X , then (ST )] = T ]S].

10Perhaps “probability functional” would be a more descriptive term, but this does not seemto have caught on.
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Returning to the case at hand, X = C (G), set

A := {L]γ : γ ∈ G}Note that the mapping γ → L]γ iseven if the group G were not abelianahomomorphism (called the left-regular representation of G) taking G into thecollection of continuous linear operators on C (G)]. Since we’re assuming Gis abelian, it follows that A is also an abelian group of continuous linearmappings taking C (G)] into itself.One checks easily that each map L]γ takes the weak-star compact subset Kof means on C (G) into itself, hence the triple (V = C (G)], K ,A ) satisfies thehypotheses of the Markov-Kakutani theorem, so there exists Λ ∈ K fixed byall the maps L]γ , i.e. for which L]γΛ = Λ for each γ ∈ G.The Riesz Representation Theorem (see, for example, [30, Theorem 2.14, pp.40–47]) provides a positive measure µ on the Borel subsets of G such that
Λ(f) = ∫

G
f dµ (f ∈ C (G)).

Since Λ(1) = 1 we have µ(G) = 1, i.e. µ is a probability measure on G. Finally,for every γ ∈ G and f ∈ C (G):∫
G
f dµγ−1 = ∫

G
f(γδ)dµ(δ) = [Λ ◦ Lγ ](f) = [ L∗γΛ](f) = Λ(f) = ∫

G
f dµ

where, in the first equality, µγ−1 is the measure on Borel subsets of G taking
E to µ(γ−1E), the equality itself following from the change of variable formulafor measures. The uniqueness part of the Riesz Representation Theorem nowguarantees that µγ−1 = µ, i.e. that µ(γ−1E) = µ(E) for every γ ∈ G, which(upon replacing γ by γ−1) is what we wanted to prove. �

6.3. Further invariant “measures.” The argument used to prove Theorem 6.1can, with very little modification, be adapted to give the existence of invariantobjects in different settings. For example, for G any abelian group let’s definea “finitely additive probability measure” (henceforth: a “FAPM”) on G to be afunction µ : 2G → [0, 1] that is finitely additive, and for which µ(G) = 1. We’llcall such a function “G-invariant” if µ(gE) = µ(E) for every subset E of G.(Here and henceforth, 2S denotes the collection of all subsets of the set S.Note also that our notion of “G-invariant” is really “left G-invariant:” moreon this later.) Our previous argument yields:
Theorem 6.2. If G is any abelian group then there exists a finitely additive
G-invariant probability measure on 2G .
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Proof. Let B(G) denote the collection of bounded, real-valued functions on G.Now repeat the proof of Theorem 6.1, replacing C (G) by B(G). The result isa mean Λ on B(G) that is G-invariant in the sense that L]γΛ = Λ for every
γ ∈ G. The finitely additive G-invariant measure we seek is then given by

µ(E) = Λ(χE ) (E ⊂ G),where χE denotes the characteristic function of E (taking value 1 on E and 0off E). �

For another generalization, let’s observe that in the proofs of either of theprevious two theorems the crucial role was played by the operators Lγ whichidentified a group element γ with its action on the whole group. Suppose,instead, that our group G is simply a group of transformations taking a set Sinto itself (so necessarily each element of G is a bijection of S onto itself). If,in the proof of Theorem 6.2, we define, for each γ ∈ G the operator Lγ on B(S)(the space of all bounded real-valued functions on S) by:
Lγf(s) := f(γ(s)) (f ∈ B(S), s ∈ S),then, just as in the previous two proofs, Lγ is a linear transformation taking

B(S) onto itself, and the family of adjoint operators A := {L]γ : γ ∈ G} is agroup of linear transformations taking the dual space B(S)] into itself, each ofwhich is continuous in the weak-star topology of B(S)]. Thus if we assume Gis abelian, let K denote the set of means on B(S) and take V = B(S)] in itsweak-star topology (pointwise convergence on V ), then once again the triple(V ,K,A ) satisfies the hypotheses of the Markov-Kakutani Theorem, whichrewards us with an element of K that is L]γ-invariant for every γ ∈ G. Fromthis G-invariant mean arises, just as in the proof of Theorem 6.2, a G-invariantFAPM.11
If, in addition, S is a compact Hausdorff space, then in the proof of Theorem6.1 we can replace C (G) by C (S), after which the proof of that theorem goesthrough word-for-word to produce a G-invariant Borel probability measure on
S. To summarize:
Theorem 6.3. Suppose G is an abelian group of transformations taking a set
S into itself. Then:

(a) There exists a G-invariant finitely additive probability measure on 2S .
11This was originally proved, via a different argument, by Banachsee [3, Ch. II, pp. 30–31].
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(b) If, in addition, S is a compact, Hausdorff, topological space on which

each element of G is continuous, then there exists on the Borel sets of
S a G-invariant (countably additive) probability measure.

6.4. Application: Paradoxical decompositions. One of the most intriguing re-sults in all of mathematics was discovered in the 1920’s by Banach and Tarski[4]. One version of this “Banach-Tarski Paradox” asserts that the closed unitball B3 of R3 can be decomposed “paradoxically” into finitely many pairwisedisjoint sets {A1, A2, . . . , An, B1, B2, . . . , Bm} which can then be reassembledvia rotations {ρ1, ρ2, . . . , ρn, σ1, σ2, . . . , σm} into two copies of the unit ball:
(18) B3 = n⋃

j=1ρj (Aj ) = m⋃
k=1 σk (Bk ) .The work of the previous section shows that nothing like this can happen foreither the unit circle T, or the closed unit disc B2. For the circle, Theorem 6.2(with G = T) shows that there exists a finitely additive probability measure

µ on 2T that is invariant under rotations of the circle (i.e., under the groupoperation: complex multiplication of points on the circle). If there were arotational paradoxical decomposition for T like the one given by (18) (with
T on the left-hand side instead of B3), then we’d have, using the rotation-invariance of µ in the second line below:

1 = µ(T) = µ

 n⋃
j=1Aj ∪

m⋃
k=1Bk


= n∑

j=1 µ(Aj ) + m∑
k=1 µ(Bk )

= n∑
j=1 µ(ρj (Aj )) + m∑

k=1 µ(σk (Bk ))
= µ

 n⋃
j=1ρj (Aj )

 + µ
( m⋃
k=1 σk (Bk )

)

= µ(T) + µ(T)= 2a contradiction!Similarly, Theorem 6.3, with S the closed unit disc B2 and G the group ofrotations of B2 about the origin, shows that there exists a rotation-invariant
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FAPM on B2, and this renders impossible a rotation-induced paradoxical de-composition of B2.The fact that there is a paradoxical decomposition for B3 shows that there does
not exist on 2B3 a rotation-invariant FAPM. Note that the rotation-invarianceof Lebesgue measure on B3 shows (not surprisingly) that the sets involved inthe paradoxical decomposition of B3 cannot be Lebesgue measurable.Before moving on, let’s give an elementary example of a paradoxical decom-position. This is the free group group F2 on two generators; its elements are“reduced words” of the form x1x2 · · · xn for n ∈ N where each xj comes from theset of symbols {a, a−1, b, b−1}, subject only to the restriction that no symboloccurs next to its “inverse.” Multiplication in F2 is defined to be concatanationof words, followed by “reduction” (e.g. aba−1 ·abba = abbba = ab3a). Uponallowing the “empty word” to belong to F2 we obtain a group, which one canvisualize as the fundamental group of a figure-eight.
Theorem. F2 is paradoxical.

Proof. Here “paradoxical” is taken with respect to the mappings of left multipli-cation by group elements. We are going to find disjoint subsets A1, A2, B2, B2of F2, and left-multiplication mappings φ1, φ2, ψ1, ψ2 on F2 such that(19) F2 = φ1(A1) ∪ φ2(A2) = ψ1(B1) ∪ ψ2(B2) .To this end, for x ∈ {a, a−1, b, b−1} let W (x) denote the set of reduced wordsthat begin with x. For example, a and ab−1ab2 belong to W (a), while b and
a−1ba2b−1 do not. Let

A1 = W (a), A2 = W (a−1), B1 = W (b), and B2 = W (b−1) .Clearly these are pairwise disjoint subsets of F2. For each x ∈ F2 define
φ1(x) = ψ1(x) = e · x (= x), φ2(x) = a · x and ψ2(x) = b · x .One checks easily that the sets and maps defined above satisfy (19), and soyield the desired paradoxical decomposition of F2. �

Simple as it seems, F2 is, in fact, the foundation stone for the Banach-TarskiParadox (see, e.g., [32, Chapter 1] or [34, Chapter 3]).
6.5. Extending invariant measures. Can (normalized) Lebesgue measure onthe unit circle T be extended to a rotation-invariant probability measure on2T? The usual construction of a non-measurable subset of T shows that this
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is impossible, unless we give up on countable additivity. Indeed, that con-struction, which involves choosing (via the Axiom of Choice) one element fromeach coset of T modulo its subgroup of rational points, results in a subset NMwhose rotates, via the rational subgroup, form a countable, pairwise disjointfamily of sets whose union is T. If Lebesgue measure on T could be extendedto a rotation-invariant (countably additive!) measure on all subsets of T, thenthat measure would have to assign the same weight to each rational rotationof NM, and the sum of the weights of all those rotates would have to add upto 1; a contradiction.By Theorem 6.2 we know that there is a rotation-invariant FAPM on 2T; whatwe don’t know is whether or not such a set function can coincide on the Borelsets with Lebesgue measure. We’ll see shortly that, even in the setting ofcompact abelian groups, such an extension is always possible. Our startingpoint is the following “real” version of the fundamental extension theorem forlinear functionals (see, for example, [3, Ch. II, pp. 27–29], [19, Theorem 3.4,page 21] or [31, Theorem 3.2, pp. 57–58]).
The Hahn-Banach Theorem. Suppose V is a vector space over the real field
and p : V → R is a gauge function on V , i.e.,

◦ p(u+ v) ≤ p(u) + p(v) for all u, v ∈ V , and
◦ p(av) = ap(v) for every a ∈ R with a ≥ 0 and v ∈ V .

If W is a linear subspace of V on which there is a linear functional λ with
λ(w) ≤ p(w) for all w ∈ W , then there exists a linear extension Λ of λ to V
such that Λ(v) ≤ p(v) for all v ∈ V .
Now consider the problem of extending Lebesgue measure m on the unit circle
T to a finitely additive measure µ on 2T. Lebesgue measure induces, viaintegration, a rotation-invariant mean λ on C (T), and C (T) is a linear subspaceof B(T), the space of all bounded real-valued functions on T. In order to makethe desired extension of m it will be enough to extend λ to a rotation-invariantmean on B(T). Once again the Markov-Kakutani theorem comes to our rescue!(For the rest of this section we’ll be following [13, §3.3 and §3.4].)
The “Invariant” Hahn-Banach Theorem. Suppose V is a vector space and
G is a commutative family (not necessarily a group) of linear transformations
V → V . Suppose W is a linear subspace of V that is taken into itself by
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every transformation in G, and that p is a gauge function on V for which

p(γ(v)) ≤ p(v) for every v ∈ V and γ ∈ G.
Suppose λ is a G-invariant functional on W that is dominated by p, i.e.,

λ ◦ γ = λ for all γ ∈ G and λ(v) ≤ p(v) for all v ∈ W.

Then λ has a G-invariant linear extension to V that is dominated on V by p.

Proof. Let V ] denote the algebraic dual of V (i.e. the space of all linear func-tionals on V ) endowed with the weak-star topologythe topology of pointwiseconvergence on V . Let K be the collection of all linear extensions of λ to Vthat are dominated on V by p. Clearly K is a convex subset of V ] that is, bythe Hahn-Banach Theorem (!!) non-empty.CLAIM: K is weak-star compact in V ].To prove the claim, note that if Λ ∈ K then for every x ∈ V we have, inaddition to the defining property λ(x) ≤ p(x), also −λ(x) = λ(−x) ≤ p(−x).Thus(20) − p(−x) ≤ λ(x) ≤ p(x) (x ∈ V )i.e. λ(x) ∈ Ix := [−p(−x), p(x)]. Thus K is a subset of the compact productspace P =∏x∈V Ix . Now convergence (of nets) in P is just pointwise conver-gence on the index set V , hence the topology of P agrees, on K , with the weakstar topology. It’s easy to see that K is closed in P, hence it is weak-starcompact in V ].Finally, since each γ ∈ G is a linear map V → V , it has an adjoint γ] : V ] →
V ], defined by

γ](Λ) = Λ ◦ γ (Λ ∈ V ]).Let A := {γ] : γ ∈ G}. One checks easily that A is an abelian group ofweak-star continuous linear maps on V ] each of which, thanks to the “G-subinvariance” of the gauge function p (p ◦ γ ≤ p for every γ ∈ G), takes Kinto itself. Thus the triple (V ], K ,A ) satisfies the hypotheses of the Markov-Kakutani theorem, so there exists Λ ∈ K fixed by A , i.e., Λ ◦ γ = γ](Λ) = Λfor every γ ∈ G. This functional Λ is the desired G-invariant extension of ouroriginal one λ. �

Here, stated in great generality, is our application to measures. To bring itdown to earth, think of µ as normalized Lebesgue measure on the Borel subsetsof the unit circle, and G the group of rotations of the circle.
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Corollary. Let S is a compact topological space upon which acts a commu-
tative family G of continuous mappings Suppose µ is a (countably additive)
probability measure on the Borel subsets B of S, and that µ is G-invariant, i.e.
µ(g(E)) = µ(E) for every g ∈ G and E ∈ B. Then µ extends to a G-invariant,
finitely additive probability measure on 2S .

Proof. Let λ be the mean on C (S) defined by integration against µ. Let B(S)denote the space of all bounded real-valued functions on S, and for g ∈ G let
Lg denote the linear map on B(S) defined by

Lgf(s) = f(g(s)) (f ∈ B(S), s ∈ S).By the change of variable formula of measure theory, λ is invariant for each ofthe mappings Lg, in the sense that λ ◦ Lg = λ for each g ∈ G. On B(S) definethe gauge function p by
p(f) := sup

s∈S
f(s) (f ∈ B(S)).

Clearly p is LG-invariant (p ◦ Lg = p for every g ∈ G), and λ ≤ p on C (S).The Invariant Hahn-Banach Theorem now supplies an extension of λ to alinear functional Λ on B(S) that’s also dominated by p, and is invariant foreach mapping Lg (g ∈ G). Upon applying inequality (20) to our gauge function
p(·) = supS(·), we see thatinf

s∈S
f(s) ≤ Λ(f) ≤ sup

s∈S
f(s) (f ∈ B(S)),

so if f ≥ 0 on S the Λ(f) ≥ 0, i.e., Λ is a positive linear functional on B(S).Since Λ)(1) = λ(1) = 1, the functional Λ is a G-invariant mean on B(S).The desired extension, µ̃ of µ now emerges from a familiar formula:
µ̃(E) := Λ(χE ) (E ⊂ S),with the desired G-invariance following from the Lg-invariance of Λ for each

g ∈ G. �

Our final application of the invariant Hahn-Banach theorem involves an at-tempt to create a “limit” for every bounded real sequence. We’ll use thenotation `∞ for the space of all such sequences. The result below is due (witha different proof) to Banach [3, Ch. II, p. 34].
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Corollary: Banach Limits. There exists a positive, translation-invariant linear
functional Λ on `∞ such thatlim inf

n→∞
f(n) ≤ Λ(f) ≤ lim sup

n→∞
f(n) (f ∈ `∞).

Proof. Let c denote the space of real sequences f : N → R for which λ(f) :=
limn→∞f(n) exists (in R). For f ∈ `∞ let p(f) = lim supn→∞ f(n). Then p isa gauge function on `∞, and λ ≤ p on c. For k ∈ N define the “translationmap” Tk on `∞ by

Tkf(n) := f(n+ k) (f ∈ `∞, n ∈ N).Then each map Tk is a linear transformation that takes c into itself; further-more, both λ and p are invariant for each Tk ∈ G, and the maps in G commuteunder composition with each other. Thus the Invariant Hahn-Banach Theoremapplies, and produces a G-invariant extension Λ of λ to `∞, with Λ ≤ p on
`∞. By inequality (20) we havelim inf

n→∞
f(n) = −p(−f) ≤ Λ(f) ≤ p(f) = lim sup

n→∞
f(n) (f ∈ `∞)

as desired. �

The functional Λ produced above is called a Banach limit; instead of writingΛ(f) the notational convention for these is: LIM
n→∞

f(n). Let’s notestill follow-ing Banach [3, Remarques, §3, p. 231]that each Banach limit provides atranslation-invariant FAPM on 2N, defined by
µ(E) := LIM

n→∞
χE (n) (E ⊂ N),and that, since µ({n}) = 0 for every n ∈ N, our FAPM µ is most assuredly

not countably additive.
7. FIXED-POINT THEOREMS FOR NON-COMMUTING MAPS

In the last section we showed that, on the collection of all subsets of the closedunit disc B2 of R2, there exists a finitely additive, rotation-invariant probabil-ity measure, and consequentlyin stark contrast to what the Banach-Tarskitheorem says about B3that B2 does not have a paradoxical decompositionwith respect to rotations. What made this possible was the combination of theMarkov-Kakutani Fixed Point Theorem and the commutativity of the group of
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rotations of B2. Note that the rotation group of B3 does not share this commu-tativity (take, for an example, a pair of 45◦ rotations about different orthogonalaxes; for more on this rotation group, see §7.3).Let’s ask another question: Does B2 have a paradoxical decomposition withrespect to all of its isometries? Now, in addition to rotations, we allow reflec-tions in a line through the origin, and it’s easy to see that this renders thelarger group non-commutative (see below for more details).In this section we’ll prove a version of the Markov-Kakutani theorem thatapplies to collections of affine continuous maps that are “almost” commuta-tive, and we’ll show that the new result applies to the full isometry group of
B2. For completeness: we begin with a characterization of the isometries of
Bn, and then, with the goal in mind of making precise the notion of “almostcommutativity,” review some elementary group theory.
7.1. The isometries of Bn. By an isometry of a subset of a metric space wemean a mapping of the set into itself that preserves distances. The mostobvious examples of isometries of the closed unit ball Bn of Rn are the onesinduced by orthogonal matrices, i.e. the maps v → Av where A is an n×n realmatrix whose transpose is its inverse: AtA = AAt = I. In fact, these are the
only isometries of Bn. In what follows, O(n) denotes the group of orthogonal
n×n matrices. We’ll regard elements of Rn as column matrices, and we’ll usethe notation 〈u, v〉 for the inner product in Rn.
Theorem. Suppose T : Bn → Bn is an isometry. Then there is a unique
A ∈ O(n) such that T (v) = Av for every v ∈ Bn.

In particular, every such isometry maps the ball onto itself, and extends to alinear transformation of the ambient Euclidean space.
Proof. Let’s first assume that T is an isometry taking Bn into Rn.(a) Suppose, in addition, that T (0) = 0. Then 〈T (u), T (v)〉 = 〈u, v〉 for every
pair u, v of vectors in Bn.This follows immediately from the relationship between norms of differencesand inner products. For u, v ∈ Bn:

‖u− v‖2 = ‖u‖2 − 2〈u, v〉+ ‖v‖2
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and

‖T (u)− T (v)‖2 = ‖T (u)‖2 − 2〈T (u), T (v)〉+ ‖T (v)‖2= ‖u‖2 − 2〈T (u), T (v)〉+ ‖v‖2where the second equality arises from the fact that the distance from the vector0 to v is the same as that from 0 = T (0) to Tv . Similarly the distance from uto v is the same as that from Tu to Tv , so the left-hand sides of both of theequations above are equal, hence so are the right-hand sides, and this yieldsthe desired identity.(b) If T is an isometry taking Bn into Rn with T (0) = 0, then there exists
A ∈ O(n) for which T (v) = Av for every v ∈ Bn.Let {e1, e2, . . . en} denote the standard orthonormal basis for Rn. Since eachof these vectors belongs to Bn we can apply T to them, and, since T preservesinner products, the result is another orthonormal basis {f1, f2, . . . fn} for Rn.Let A be the matrix that has, as its j-th column, the coefficients of fj withrespect to the original basis {ej}. Then A ∈ O(n), and T (ej ) = Aej , hence forevery v ∈ Bn:
T (v) = n∑

j=1 〈T (v), fj〉fj = n∑
j=1 〈T (v), T (ej )〉T (ej ) = n∑

j=1 〈v, ej〉Aej = Av

as desired.(c) It follows from part (b) that any isometry T of Bn into Rn has the form
T (v) = Av + T (0) for some orthogonal matrix A. Thus T takes Bn onto theclosed ball of radius 1 centered at T (0), so if T (Bn) = Bn then T (0) = 0, hence
T must be effected by multiplication by an orthogonal matrix. That this matrixis unique is clear, sinceas we saw in part (b)its columns are just the imagesof the standard basis vectors for Rn under the action of T . This completes ourcharacterization of isometries of Bn. �

Before proceeding, let’s note that:
If n ≥ 2 then the group O(n) is not commutative.

Indeed, here are two matrices in O(2) that do not commute:( 1√2 − 1√21√2 1√2
) and (1 00 −1)the first of which induces rotation through an angle of 45 degrees, while thesecond induces reflection about the horizontal axis. To get an example in O(n)
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for n > 2 just put each of the above matrices in the upper right hand cornerof an n× n matrix, and fill in the remaining entries with zeros.
7.2. A little group theory. Suppose G is a group and H a subgroup (notation:
H < G). To say H is a normal subgroup of G (notation: H C G) means that
gH = Hg for any g ∈ G. For subsets A and B of G we’ll write AB for thecollection of all products ab with a ∈ A and b ∈ B.
Proposition. Suppose H < G. Then H C G if and only if the collection of
cosets of G mod H forms a group under the multiplication inherited from G, in
which case (g1H)(g2H) = g1g2H for all g1, g2 ∈ G.

Proof. If H C G and g1, g2 ∈ G, then(g1H)(g2H) = g1(Hg2)H = g1g2HH = g1g2Has desired. From this it follows that for each g ∈ G we have:(gH)(g−1H) = gg−1H = eH = H(here e denotes the identity element of G) and similarly (g−1H)(gH) = H.Thus the set of cosets of G mod H (notation: G/H) is a group under theinherited multiplication.Conversely, if the set of cosets G/H is a group under the obvious multiplication,then for any g ∈ G:
gHg−1 ⊂ gHg−1H = gg−1H = eH = Hso gH = Hg, as desired. �

Corollary. If G is a group and Φ is a homomorphism of G onto a group G′,
then ker Φ is a normal subgroup of G.

Proof. G/ ker Φ is, in the operation inherited from G, a group (that is isomorphicto G′). Thus ker ΦC G by the above Corollary. �

Returning to the setting of the last section, note that, since the matrices Ain O(n) are characterized by the equation AAt = AtA = I, the determinant ofeach such matrix is either 1 or −1. Since the determinant function is multi-plicative, it effects a homomorphism of O(n) onto G2, the multiplicative group
{1,−1}, which is commutative. The kernel of this homomorphism, those or-thogonal matrices with determinant 1, is called the “special orthogonal group”



48 J. H. SHAPIRO
of n× n matrices, denoted SO(n). By our previous corollary, SO(n) is a nor-
mal subgroup of O(n), and since G2 is commutative, so is the quotient group
O(2)/SO(2).Thus, in contrast to the 3-dimensional case, SO(2) is commutative, hence forthe chain of normal subgroups {I2}CSO(2)CO(2) (where I2 is the 2×2 identitymatrix), the quotient of each subgroup by the previous one is commutative. Thisis the “almost-commutativity” alluded to at the beginning of this section. Hereit is in more generality:
Proposition. Suppose G is a group and H a normal subgroup. Then G/H is
commutative if and only if every pair g1, g2 of elements of G has a “commutator”
h ∈ H such that g1g2 = g2g1h.

Proof. This is just a rephrasing of the condition: g1g2H = g2g1H. �

7.3. On the geometric structure of O(n) (optional). The following material,while illuminating, is not needed for the sequel.The case n = 2 is special:
Proposition. If A ∈ O(2) has determinant 1 (i.e. if A ∈ SO(2)) then it induces
on R2 a rotation about the origin. If A ∈ O(2) has determinant −1, then it
induces on R2 a reflection in a line through the origin.

Proof. Each A ∈ O(2) takes the unit vectors (e1, e2) respectively along thehorizontal and vertical axes to an orthogonal pair (u, v) of unit vectors, where
u is the rotate of e1 through some angle θ, and v is either the rotate of e2through that anglein which case the determinant of A is 1 and A is themapping of “rotation by θ ”or v is the negative of that vector. In this lattercase detA = −1, and A effects the mapping of reflection in the line throughthe origin parallel to u. �

Proposition. If A ∈ SO(3) then the map x → Ax is a rotation of R3, with
center at the origin.

What we’re saying here is that for each A ∈ SO(3) the associated lineartransformation fixes a line through the origin (the axis of rotation), and, inthe plane through the origin orthogonal to that line, acts as a rotation. Thisisn’t obvious. Clearly the product of two matrices in SO(3) also belongs to
SO(3) (multiplicativity of the determinant), but it’s not so clear that the result
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of composing two rotations about different axes has to fix a line through theorigin.
Proof. Suppose A ∈ SO(3). To find the axis of rotation we need to show that
Av = v for some non-zero vector v ∈ R3, i.e. that 1 is an eigenvale of A, i.e.that det(A− I) = 0. For this, note that since AAt = I we have(A− I)At = AAt − At = I − At = −(A− I)thence, since detA = detAt = 1:det(A− I) = det(A− I) det(At) = det[(A− I)At ]= det[−(A− I)t ] = (−1)3 det(A− I)t= − det(A− I)so det(A− I) = 0, as desired.Let v1 ∈ R3 be the non-zero vector promised by the last paragraph: Av1 = v1.Let (v2, v3) be an orthonormal basis for the subspace E of R3 orthogonal to
v1. Then (v1, v2, v3) is an orthonormal basis for R3, relative to which the matrixof the transformation x → Ax has block diagonal form diag (1, B), where Bis a 2 × 2 orthogonal matrix. Thus A and B have the same determinant, sodetB = 1, i.e. B ∈ SO(2), so by the previous proposition B induces on Eeither the identity map or a rotation (about the origin). �

This last proposition (or more accurately, the statement that each rotationin R3 about the origin has a fixed axis), was first proved by Euler in 1775-6; it’s called “Euler’s rotation theorem.” For a lively article that gives muchmore detail about this result, see [27]. The results above on SO(2) and SO(3)generalize to higher dimensions, but now reflections can be present. For O(n)the full story is this (see e.g. [6, Theorem 10.12, page 152]):
For A ∈ O(n) there exists an orthonormal basis for Rn relative
to which the transformation x → Ax has block diagonal matrix(Ip,−Iq, B1, . . . , Br) where the I’s are identity matrices of or-
ders p and q respectively, the B’s are 2×2 orthogonal matrices,
and p+ q+ 2r = n.

7.4. First generalization of Markov-Kakutani. Here, at last, is a generaliza-tion of the Markov-Kakutani theorem that applies to isometries of B2.
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Theorem. Suppose K is a compact, convex subset of a (Hausdorff) topological
vector space, and A is a family of continuous affine maps K → K that contains
a commutative subfamily C such that: for every pair A1, A2 of mappings in A

there exists C ∈ C such that A1A2 = A2A1C . Then A has a common fixed
point in K .

Proof. We know from the original Markov-Kakutani theorem (which we canregard as the case C = {identity element of G} of the theorem we’re tryingto prove) that K0, the set of common fixed points for C in K , is not empty. It’seasy to see from the continuity and affineness of the mappings in C (or, forthat matter, from the proof of the Markov-Kakutani Theorem), that K0 is alsocompact and convex.CLAIM: Each map A ∈ A takes K0 into itself.To see why this is true, take p ∈ K0 and A ∈ A . We need to show that
A(p) ∈ K0, i.e. that A(p) is fixed by every C ∈ C . For each such map C weknow that there exists a map C1 ∈ C such that C ◦ A = A ◦ C ◦ C1, hence

C (A(p)) = A(C (C1(p))) = A(C (p)) = A(p)so A(p), as desired, is fixed by C .Let A0 denote the collection of restrictions of maps in A to K0. By the aboveclaim, this is a collection of continuous, affine maps taking K0 into itself.CLAIM: A0 is commutative.Indeed, suppose A1 and A2 belong to A . There exists C ∈ C such that
A1 ◦ A2 = A2 ◦ A1 ◦ C , so for p ∈ K0 (hence a fixed point for C ) we have

A1(A2(p)) = A2(A1(C (p))) = A2(A1(p))i.e., A1 ◦ A2 = A2 ◦ A1 on K0, as desired.It now follows from the original Markov-Kakutani theorem that A0 has a fixedpoint in K0; clearly every such fixed point is also one for A . �

The proof that, for the closed unit disc B2, there is a finitely additive, rotation-invariant probability measure on 2B2 now goes through verbatim to show thatsuch a measure can be taken to be isometry-invariant. In particular,
The closed unit disc cannot be paradoxically decomposed by
isometries.
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If we view the isometry group of the closed unit disc (a.k.a the orthogonalgroup O(2)) as acting on itself by left composition, then it, too, supportsonits collection of all subsetsan invariant FAPM, and so has no paradoxicaldecomposition. Recall that by contrast there exist groups that do have aparadoxical decompositions, and therefore do not support FAPM’s, an examplebeing the free group F2 on two generators discussed in §6.4.
Application: Invariant extension of Lebesgue measure on R. Lebesgue measure
m on the Borel subsets of the real line is invariant under translations, and“scales properly” under dilations. More precisely, for each pair (r, t) of realnumbers, and each Borel subset E of R, we have m(rE + t) = |r|m(E).
Theorem. There is an extension of Lebesgue measure to a finitely additive
measure µ on all subsets of R, such that for each E ⊂ R:(21) µ(rE + t) = |r|µ(E) (r, t ∈ R)
and(22) m∗(E) ≤ µ(E) ≤ m∗(E)
where m∗(E) and m∗(E) denote, respectively, the inner and outer measures of
E .

Proof. Let G denote the group of maps γr,t : x → rx + t on R, where r and trun through all real numbers. Although not commutative, G is generated bytwo commutative subgroups: R , the group of dilations x → rx for r ∈ R, and
T , the group of translations x → x + t for t ∈ R. The map that takes gr,t tothe dilation gr,0 is a homomorphism taking G onto R with kernel T , hence wehave the chain of normal subgroups(23) {I}C T C G with G/T = R commutative.Let V be the collection of real-valued functions fon R such that the upperintegral of |f | over R is finite:

p(f) := ∫ ∗ |f | := inf{∫ |s| : s ∈ S , |f | ≤ s
}
<∞

where S denotes the collection of Borel-measurable, simple, integrable func-tions on R.For γ ∈ G define Lg on V by(Lγf)(x) = f(γ(x)) (f ∈ V , x ∈ R),
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Then each of these maps Lg is linear on V , andby the change of variabletheorem for Lebesgue integralsthe functional p is a gauge on V that isinvariant for Lg:

p(Rγf) = p(f) (f ∈ V , γ ∈ G).LetW denote the subspace of V consisting of continuous, real-valued functionson R with compact support, and on W let λ be the linear functional of inte-gration with respect to Lebesgue measure m. Then λ, too, is G-invariant. By(23) G is “almost commutative” so our generalization of the Markov-Kakutanitheorem gives a corresponding generalization of the invariant Hahn-Banachtheorem, and provides a G-invariant linear functional Λ on V that extends λand is dominated on V by p.To get the desired finitely additive measure: if E is a subset of R with finiteouter measure then its characteristic function χE is in V (its upper integral isprecisely m∗(E)), so we can set µ(E) = Λ(χE ) The G-invariance of Λ translatesinto property (21) for µ, while the fact that Λ ≤ p on V shows us that∫
∗
f = −p(−f) ≤ Λ(f) ≤ p(f) = ∫ ∗ f (f ∈ V )

where on the right we see the lower integral of f , i.e. the supremum of theintegrals of integrable simple functions that are ≤ f at each point of R. Inparticular, for f = χE with m∗(E) < ∞ we obtain (22). Now extend µ to allsubsets of R by defining µ(E) =∞ whenever m∗(E) =∞, and check that, withthe usual conventions involving arithmetic with ∞, the result is still a finitelyadditive measure that preserves the desired properties. �

7.5. Markov-Kakutani: further generalization. The argument used to provethe Markov-Kakutani generalization of the previous section is just the firststep in an induction that yields something far more general. Let us say thata family A of selfmaps of some set “almost-commutes” (cf. [7, page 285] and[13, Theorem 3.2.1, pp. 155–156]) if there a chain of subfamilies(24) {Identity map} = A0 ⊂ A1 ⊂ A2 ⊂ · · · ⊂ An = Asuch that for each k ∈ N and each pair A1, A2 of maps in Ak there exists amap C ∈ Ak−1 such that A1 ◦ A2 = A2 ◦ A1 ◦ C .
Theorem. Suppose K is a compact, convex subset of a Hausdorff topological
vector space, and A is an almost-commuting family of continuous, affine maps
K → K , then A has a common fixed point in K .
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Proof. This is an induction on the index n in (24). Note that (24) dictatesthat the family of maps A1 is commutative, so the case n = 1 of our theoremis just the original Markov-Kakutani theorem. The case n = 2 is, of course,our previous generalization of that theorem, and its proof gives the presentgeneralization. To see how this goes, suppose the result is true for all chains(24) of length n. We desire to prove it for all chains of length n + 1. By ourinduction hypothesis, the family An has common fixed points in K , so the set
Kn of all these fixed points is nonempty. As in the proof of the n = 2 case, Knis also compact and convex, and just as in that proof, we can show that An+1takes Kn into itself, and acts commutatively thereon. Here, for the record, arethe details. Suppose p ∈ Kn and A ∈ An+1. Then for each C ∈ An thereexists C1 ∈ An such that C ◦ A = A ◦ C ◦ C1, so:

C (A(p)) = A(C (C1(p))) = A(C (p)) = A(p)so A(p) is a common fixed point for An, i.e., A(p) ∈ Kn. Thus each member of
An+1 takes Kn into itself.As for commutativity, suppose A1 and A2 belong to An+1, and choose C ∈ Ansuch that A1 ◦A2 = A2 ◦A1 ◦C . Then for each p ∈ Kn we have, since C (p) = p:

A1(A2(p)) = A2(A1(C (p))) = A2(A1(p))i.e., A1 ◦A2 = A2 ◦A1 on Kn. Thus An commutes on Kn, and so, by the originalMarkov-Kakutani Theorem, has a fixed point therein. �

7.6. A little more group theory: solvability and amenability. A group G (withidentity element e) is called solvable if there is a chain of normal subgroups
{e} = G0 C G1 C G2 C · · · C Gn = Gwith each quotient group Gk /Gk−1 commutative (k = 1, 2, . . . , n). Thus com-mutative groups are solvable (n = 1), and, as we saw in §7.2, so is O(2)(n = 2). The last proposition of §7.2 shows that each solvable group is “al-most commutative” in the sense of the last section, so the generalization giventhere of the Markov-Kakutani theorem yields:

Corollary. Suppose K is a compact convex subset of a Hausdorff linear topo-
logical space, and G is a solvable group of continuous, affine selfmaps of K .
Then G has a common fixed point.
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The earlier applications of the Markov-Kakutani theorem to providing proba-bility measures (finitely or countably additive) that are invariant under commu-tative transformation groups extend immediately to “almost-commutative fam-ilies” of transformations, and in particular to solvable groups. Here is oneimportant special case:
Corollary. If G is a solvable group then 2G has a finitely additive G-invariant
probability measure.

In the 1920’s von Neumann [26] proved this result in the course of studyinggroups that supported such FAPM’s. He called such groups “measurable;” thecurrently preferred term, “amenable,” was coined by M. M. Day in the late1950’s [8] . For the record:
Definition. To say a group G is amenable means that there is a finitely additive
G-invariant probability measure on 2G .

Positive linear functionals associated with FAPM’s are called “means,” hencethe term “amenable,” which is reputed to have been something of a pun on thepart of Day12.Since we are now dealing with groups that need not be commutative, thenotion of “invariant” for means and their associated finitely additive probabilitymeasures needs to be explored further. The problem is that now there are reallytwo kinds of invariance: left- and right-, and hence two possible notions ofamenability. More precisely, for a group G recall the space B(G) of boundedreal-valued functions on G, and from §6.5 (more precisely: our proof of theinvariant Hahn-Banach theorem) the linear transformation Lg : B(G) → B(G)defined, for each g ∈ G by
Lgf(x) = f(gx) (f ∈ B(G), x ∈ G).For g ∈ G let Rg denote the corresponding “right-hand” operator
Rgf(x) = f(xg) (f ∈ B(G), x ∈ G).The means we’ve been talking about for B(G) should really be called “left-invariant” means. Recall that these are positive linear functionals λ on B(G)with λ(1) = 1 such that L]gλ = λ (i.e. λ(g ◦ Lg = λ(g)) for every g ∈ G).However, in the non-commutative case there’s an equally valid notion of “right-invariant” mean, namely: a positive linear functional ρ on B(G) with ρ(1) = 1and R]gρ = ρ.

12See [32, page 34], for example.
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It turns out that whenever there’s a left-invariant mean there’s a right-invariantone, and even a ”left-right-invariant one.” In particular, there are not separatenotions of left amenable, right amenable, and left-right amenableit’s all just“amenable.” The arguments below, due to M. M. Day [7, Lemma 7, page 285],establish this.To see that every left-invariant mean has a right-invariant cousin, define thelinear transformation J : B(G)→ B(G) by

Jf(x) = f(x−1) (f ∈ B(G), x ∈ G)and note that
RgJ = JLg−1 and LgJ = JRg−1 .Thus if λ is a left-invariant mean for B(G) then the calculation below showsthat ρ := J]λ is right invariant. For every g ∈ G:

R]gρ = R]gJ]λ = (JRg)]λ = (Lg−1J)]λ = J]L]g−1λ = J]λ = ρwhere the middle equality above comes from the first identity of the previousdisplay, and the next-to-last one from the left-invariance of λ. It’s easy tocheck that ρ is a positive linear functional on B(G), and clearly ρ(1) = 1.Thus ρ is a right-invariant mean.It’s now easy to see that once we have a left-invariant mean on B(G) then weactually have a bi-invariant one, i.e. a mean ν on B(G) with L]gν = R]gν = ν forevery g ∈ G. Indeed, letting λ be a left-invariant mean and ρ a right-invariantone, the definition below does the trick:
ν(F ) := λ(F̃ ) where F̃ (g) := ρ(LgF ) (F ∈ B(G), g ∈ G).One checks easily that ν is a mean on B(G). As for its bi-invariance, a littlecalculation shows that for each g ∈ G and F ∈ B(G):

R̃gF = F̃ and L̃gF = LgF̃from which we see that
ν(RgF ) = λ(R̃gF ) = λ(F̃ ) = ν(F ) , and ν(LgF ) = λ(L̃gF ) = λ(LgF̃ ) = ν(F )as desired.Finite groups are amenable (for the invariant measure, just assign, to eachelement, mass equal to “one over the order of the group”), and our work withthe Markov-Kakutani theorem and its generalizations shows that the same istrue of commutative groups and solvable groups. In the next section we’ll show
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that the amenable groups are precisely the ones for which the conclusion ofthe Markov-Kakutani theorem holds!For a simple example of a group that is not amenable, recall from §6.4 thefree group F2 on two generators. We observed in that section that F2 has aparadoxical decomposition relative to left-multiplication by its own elements,hence it does not support, on its collection of all subsets, an invariant FAPM.Therefore F2 it is not amenable.
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