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Minimal Separating Sets
Definition: Let X be a path connected topological space. We say
that L ⊂ X is separating if X \ L is not connected. We say that L
is minimally separating if L is separating and every proper subset
of L is not separating.

We won’t consider pathological minimally separating sets, like the
lakes of Wada. All of the minimally separating sets we consider will
be mediatrices.

Mediatrices

Definition: Let (X , d) be a path connected metric space. For two
points p, q ∈ X , the mediatrix of p and q is the set
Lp,q := {x ∈ X |d(x, p) = d(x, q)}.
Mediatrices of Riemann surfaces take the form of finite simplicial
1-complexes [1]

Characterizing Minimal Separating Sets

Topological Graphs

When we say topological graph we mean a finite simplicial
1-complex.
Key distinction from graphs: Graph isomorphisms preserve degree
2 vertices. Topologically, a degree 2 vertex is indistinguishable
from just being a point inside an edge.

What are equivalent Minimal Separating Sets

Two natural ways to classify:
I Graph homeomorphism
I Orientation preserving surface homeomorphism which respects
the embedding.

Graph Homeomorphism

From combinatorial perspective, two graphs are homeomorphic if
they are isomorphic after ‘contracting away’ all degree 2 vertices.

Surface Homeomorphisms
If M1 , M2 are minimal separating subsets of a surface S, we say
they’re equivalent if there is an orientation preserving
homeomorphism of ϕ : S → S such that ϕ(M1 ) = M2 .

Distinction between Equivalences

Ribbon Graphs

A ribbon graph, or fat graph, is a collared neighborhood of a graph
embedding.

Labelling the Half-Edges
We can equate a ribbon graph with the sides of ribbons labelled
with a graph with edge-ends labelled by associating each edge of
the ribbon with an end of the edge matching the orientation

Walking along a boundary component of the ribbon graph, the
sequence of edge labels we pass along records the information of
the walk.

Rotation Systems

A rotation system for an embedded graph Γ on n edges is a pair of
permutations (σ, α) ∈ S2n such that:
I α is a fixed-point-free involution describing which darts form
an edge
I σ is a permutation with cycles corresponding to vertices of Γ,
with each cycle giving the cyclic ordering of darts at the
vertex (with respect to orientation).

Examples

σ = (1, 2, 3, 4)
σ = (1, 3, 5, 7)(2, 4, 6, 8)

α = (1, 2)(3, 4).
α = (1, 2)(3, 4)(5, 6)(7, 8).

Nice Properties of Rotation Systems

1. Describes an embedding locally around each vertex.
2. Completely classify cellular embeddings up to orientation
preserving surface homeomorphism.
3. θ = σ ◦ α gives the boundary walk of the corresponding
ribbon graph.
4. If (σ, α) gives a cellular embedding of Γ, then (θ, α) gives the
dual.
5. Numbers of cycles in σ, α, and θ let us determine Euler
characterisitic for cellular embeddings.

Example With Dual

σ = (1, 3, 5)(2, 7, 6)(4)(8, 9, 10),

α = (1, 2)(3, 4)(5, 6)(7, 8)(9, 10)

θ = (1, 7, 9, 8, 6)(2, 3, 4, 5)(10)

Characterizing Duals of Minimal Separating Sets

Cellularize by gluing discs on the ribbon graph.

New graph has a bipartite dual, and all faces have length at least 4.

Number of graphs is quite limited.

Euler Characteristic Calculations

Suppose Γ embeds as a minimal separating set in a surface of
genus g . Let v , e be the numbers of vertices and edges in γ and ĝ
be the genus of the cellularized embedding. The number of faces f
of the embedding is equal to 2 + g − ĝ .
2 − 2ĝ = v − e + 2 + (g − ĝ )
e − v = g + ĝ
e ≤ v + 2g
We must have e ≥ 2v for all vertices to have degree at least 4, so
2v ≤ e ≤ v + 2g and then 1 ≤ v ≤ 2g .

An algorithm to list minimal separating sets

We can list all connected graphs that have least separating genus
g by:
1. For each f in {2, 3, . . . , 2 + g } we can find the embeddings of
bipartite graphs with f vertices in genus ĝ = g + 2 − f by
choosing ways to partition the number of edges amongst the
f vertices. Then compute all possible α (up to appropriate
symmetry)
2. Take the dual of each resulting graph.
3. Isomorphism test the graphs we get.

Results

For g ≤ 4, we’ve computed the number of connected graphs which
embed in a surface of genus g as a minimal separating set.
I g = 0: 1
I g = 1: 4
I g = 2: 21
I g = 3: 194
I g = 4: 2827

Enumerating Minimal Separating Sets
I For genus 0,1,2, and 3(??) the number of embeddings
(without the connectedness restriction) is equal to the (2g )th
Catalan number.
I Enumerating bipartite graph embeddings is very similar to
enumerating hypermaps.
I Most existing work is restricted to either the planar case or to
rooted maps.
I Recent work by Mednykh et al. has been done by counting
conjugacy classes of subgroups. Any (σ, α) generates a
permutation group. It also describes the coset action of a
subgroup of F2 . Mednykh counts these groups up to
conjugation.
I Representation Theoretic tools: Frobenius Formula
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