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Chapter 1

The Birkhoff Ergodic
Theorem

Overview. we review some analysis background and the we prove the Birkhoff
Ergodic Theorem. This material is adapted from the Lecture Notes on num-
ber theory (http://web.pdx.edu/˜veerman/0_mainfile.pdf)
I am currently writing. The presentation very similar to the classroom ver-
sion of the material. In the interest of brevity, several proofs are omitted.
Along with other details, they can be found in the Notes.

1.1. Measurable Sets

Definition 1.1. A sigma algebra or σ -algebra is a collection Σ of sets with
the following properties:
/0 ∈ Σ and Σ is closed under complementation and under countable union.
In any topological space, the smallest σ -algebra that contains the open sets
is called the Borel sets.

Remark 1.2. Since (∪i∈N Ai)
c = ∩i∈N Ac

i , we see that a σ -algebra is also
closed under countable intersection.

Definition 1.3. Let X be a set and Σ a sigma algebra of subsets. A measure
is a function µ : Σ→ [0,∞] such that µ( /0) = 0 and for every countable
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2 1. The Birkhoff Ergodic Theorem

sequence of disjoint (µ-measurable) sets Si:

µ(∪∞
i=1 Si) =

∞

∑
i=1

µ(Si) .

If Σ contains the open sets, then µ is called a Borel measure .

Definition 1.4. Let X be a set and µ : Σ→ [0,∞] a measure. A set S ⊆ X
is measurable or, more accurately, µ-measurable if S ∈ Σ . A function f :
X → R is measurable if for every y ∈ R, f−1((y,∞)) is in Σ . (Here f−1(S)
means the inverse image of the set S)

Why does this have to be so complicated? Suppose we try to assign
a measure µ on the real line consistent with our intuitive notion of length,
that is: intervals (a,b) must have “measure” (b−a) and the measure must
be translation invariant1. It turns out that we can run into trouble this way.
If we allow ourselves the use of the axiom of choice, then one can construct
certain sets on the real line that cannot be consistently assigned a measure.
Examples of these are Vitali sets (see Notes). Thus we cannot assume that
any arbitrary set is measurable. So if we define certain abstract sets and
want to talk about their measure, we have to always be very careful that we
didn’t leave the sigma algebra of measurable sets.

In fact, the determination that certain combinations of measurable func-
tions are still measurable plays a significant role in the proof of Birkhoff’s
theorem. So let us have a closer look at them.

1.2. Measurable Functions

Suppose f is measurable. Since f−1((−∞,y]) is the complement of the
measurable set f−1((y,∞)), it is also measurable. f−1([y,∞)) can be written
as the (countable) intersection ∩n∈N f−1((x− 1

n ,∞)), it, too, is measurable.
Again, by complementation, f−1((−∞,y)) is measurable.

It is easy to see that if f and g are measurable, then h(x)= sup{ f (x),g(x)}
is measurable because h−1((y,∞)) = f−1((y,∞))∪ g−1((y,∞)) (see Figure
1). Similar for inf{ f (x),g(x)}. Almost as easy is the fact that also f + g
and f ·g are measurable. For the set

Ar1,r2 := {x | f (x)> r1}∩{x | g(x)> r2}

1This is called the Lebesgue measure.
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f

g

y

Figure 1. Illustration of the fact that if h(x) = sup{ f (x),g(x)}, then
h−1((y,∞)) = f−1((y,∞))∪g−1((y,∞)).

is measurable for all rationals ri, and therefore so is the (countable) union
of Ar1,r2 over those rationals such that r1 + r2 > y or such that r1r2 > y.

Lemma 1.5. Let { fn} be a sequence of measurable functions. Then supn fn(x),
infn fn(x), limsupn fn(x), and liminfn fn(x) are measurable.

Proof. Set h± equal to supn fn(x) and infn fn(x), respectively. Then

h−1
+ ((y,∞)) = ∪∞

n=1 f−1
n ((y,∞)) ,

which proves the first case. The proof for h− is same, except that the union
must be replaced by an intersection.

Set g± equal to limsupn fn(x) and liminfn fn(x), respectively. Since

g+(x) = lim
n→∞

sup
i≥n

fi(x)

and supi≥n fi(x) is non-increasing (in n), we can replace the above limit by
the infimum, and use the above results for supremum and infimum to get

g−1
+ ((y,∞)) = ∩n≥1∪i≥n f−1

i ((y,∞)) .

And so g+ is measurable. A similar reasoning works for g−. �

Remark 1.6. As a result, the pointwise limit (if it exists) of a sequence of
measurable functions is also measurable.

1.3. Dominated Convergence

In this section, we present — but do not prove — Lebesgue’s dominated
convergence theorem. This is a result of fundamental importance in its
own right. It is widely used not only in analysis but also in applications of
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analysis to the study of partial differential equations and probability theory
among others. Here we will need it to prove the ergodic theorem.

The following theorem says that almost everywhere pointwise2 conver-
gence implies nearly uniform convergence, that is: convergence is uniform,
except on a set of small measure. See Figure 2.

Theorem 1.7 (Egorov’s Theorem). Let (X ,Σ,µ) a finite measure3 space.
Suppose that { fi} is a sequence of measurable functions, so that µ almost
everywhere, fi(x) converges pointwise to f (x). Then there is a set U ∈ Σ on
which the convergence of fi→ f is uniform, and so that the exceptional set
X\U has arbitrarily small (positive) measure.

f

ff

1

23

A

A
A

1,n

2,n
3,n

1/n

0

0 1

1

Figure 2. A sequence of functions fn(x) = x1/n that converge almost
everywhere pointwise to f (x) = 1 on [0,1]. The convergence is uniform
on U = [ε,1] for any ε ∈ (0,1).

Proof. Omitted. �

Integrable functions nearly live on sets of finite measure and integrals
of measurable functions over small sets are small.

Lemma 1.8. Suppose g : X → [0,∞] is measurable and integrable. Then:
i) for every ε > 0 there is a set F of finite measure such

∫
X\F gdµ < ε .

ii) for every ε > 0, there is a δ > 0 such that for all small sets S with
µ(S)< δ , we have

∫
S gdµ < ε .

2Pointwise convergence means that for x fixed, limi→∞ fi(x) = f (x).
3a space with µ(X)< ∞
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Proof. Omitted. �

These two results are used in the proof of the next Theorem.

Theorem 1.9 (Lebesgue’s Dominated Convergence Theorem). Let { fk}
be a sequence of real valued measurable functions on (X ,Σ,µ). Suppose
that the sequence converges µ almost everywhere to f and that it is domi-
nated by an integrable function g so that for all k, | fk(x)| ≤ g(x). Then

lim
k→∞

∫
fk dµ =

∫
lim
k→∞

fk dµ =
∫

f dµ .

Proof. Omittted. �

Remark 1.10. This theorem also holds for complex valued functions. One
simply proves the result for the real and imaginary parts separately.

1.4. Dominated Convergence is Subtle!

Example 1: dominating function is not integrable.
Let fn(x) = n for x ∈ [0,1/n] and 0 elsewhere and set g(x) = 1/x. See
Figure 3. Clearly, g dominates the fk. We have limk→∞

∫
fk dµ = 1 and the

pointwise limit of fn is 0, so
∫

limk→∞ fk dµ = 0. The problem is that g is
not integrable.

1

2

3

4

11/21/31/4

Figure 3. The functions fn and the function g (in red) that dominates them.

Example 2: the same, but more subtle.
For fixed r ≥ 1, consider the functions gk(x) = krxk(1− x) on [0,1]. Define
Gk(x) = supi≤k gi(x) and G(x) = supi gi(x). See Figure 4. Now, with a bit
of effort (see figure), one can show that G is integrable iff r < 2. Let’s see
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what the consequences are.
By the dominated convergence theorem, we have for r < 2,

k+1

0 1

k e−2

((k−1)/k)
2 2

(k/(k+1))

0

k−1
g

k

g

g

(k+1) e−2

Figure 4. On the left, we show the functions gk for k ∈ {2,8,15,30}.
On the right, we show (schematically) gk(x) (in red) and its intersections
with gk−1 and gk+1. The sum of the rectangles like the one shaded in
red give a lower bound for

∫
Gk dx while the sum of the red and green

rectangles give an upper bound.

∫ 1

0
lim
k→∞

gk(x)dx = lim
k→∞

∫ 1

0
gk(x)dx = lim

k→∞

kr

(k+1)(k+2)
= 0 .

But for r ≥ 2,∫ 1

0
lim
k→∞

gk(x)dx = 0 and lim
k→∞

∫ 1

0
gk(x)dx = 1 or ∞ ,

depending on whether r = 2 or r > 2. In fact, this proves that G is not
integrable for r ≥ 2. The direct proof referred to above requires a lot more
computations!

Example 3: it does not hold for Riemann integration.
Let fn : [0,1]→ R be given by fn(x) = 1 if x ∈ Sn where

Sn :=
{

i
k

: 0 < k ≤ n and 0≤ i≤ k
}
,

and fn(x) = 0 elsewhere. Clearly, each fn is Riemann integrable (having
only finitely many discontinuities). Also the fn are dominated by g(x) = 1.
See Figure 5. However, limn→∞

∫
fn dx= 0 while limn→∞ fn is not Riemann

integrable, because it has a dense set of discontinuities. If we switch to
Lebesgue integration, the two are equal, since the rationals have measure
zero.
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1

11/21/31/4 2/3 3/40
0

Figure 5. The non-zero values of the function f4 in red.

Example 4: not even if you restrict to continuous functions.
Let fn be given as follows, see Figure 6. For every pair ( j,k) with gcd( j,k)=
1 and so that j/k ∈ [0,1], define

hn( j,k,x) = max
{

0,1−n3
∣∣∣∣x− j

k

∣∣∣∣} and fn(x) := ∑
j/k∈[0,1]

gcd( j,k)=1

h( j,k,x) .

The fn are continuous and dominated by g(x) = 1 and limn→∞

∫
fn dx = 0.

j/k0
0

1

1

1/n3 1/n3

Figure 6. The function fn (in red) is a sum of very thin triangles with
height 1. Each triangle is given by hn( j,k,x) (in black).

Again, the Riemann integral of limn fn is not defined: limn fn equals 1 on all
rationals, but from Roth’s theorem one can see that limn fn(r) = 0 for any
algebraic number r of degree at least 2. Again, with Lebesgue integration,
there is no problem, because the measure of the set on which fn(x) is not 0
tends to 0 as n tends to infinity.

1.5. Littlewood’s Three Principles

The subject of real analysis, and measure theory and Lebesgue integration in
particular, overtook the older, more informal notions of length and Riemann
integration in part because extremely useful theorems like the dominated
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convergence theorem simply do not hold in the older setting of Riemann
integration.

Nonetheless, this more powerful mode of reasoning seems very ab-
stract and for that reason it is difficult to develop an intuition in the subject.
It is perhaps comforting to know that at least some of the masters of the sub-
ject themselves recognized this. The most famous instance of this is formed
by Littlewood’s three principles [1].

Each of these principles describes a desirable behavior that indeed
holds if only one excludes sets of arbitrarily small measure. This is ex-
pressed by the word “nearly”: we say that in these cases the behavior nearly
holds.

• Every measurable set is nearly a finite union of disjoint open in-
tervals.

• Every measurable function is nearly continuous.

• Every pointwise convergent sequence of functions is nearly uni-
formly convergent.

The first principle refers to the fact that a measurable set in R can be
approximated by a finite union of open sets. The third principle is of course
Egorov’s theorem (Theorem 1.7). For the second principle is virtually all
texts refer to Luzin’s Theorem (see below). However, Littlewood himself
mentions a slightly different theorem in this context, [1] [Section 4.1]. For
completeness, we state Luzin’s theorem here.

Theorem 1.11 (Luzin’s Theorem). Let f be measurable in (R,Σ,µ) where
Σ are the Borel sets and µ is the Lebesgue measure. For every ε > 0, there is
a small open set S of (Lebesgue) measure less than ε so that f is continuous
when restricted to R\S.

One must be careful in the interpretation of this last result: it does not
mean that the points of the R\S are points of continuity of f . As an exam-
ple, consider the function that is 1 on the rational numbers and 0 everywhere
else. As a function R→ R, it is nowhere continuous, but it’s restriction to
the irrational numbers is continuous. Luzin’s theorem still goes a little fur-
ther, and asserts that we can contain the rationals in an open sets of arbitrary
small measure.
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1.6. Birkhoff’s Ergodic Theorem

Our proof is based on [2] [section 9]. We start by defining some notation.
We will denote iterates under T by subscripts.

T (x0) = x1 , T (T (x0)) = T 2(x0) = T (x1) = x2 , · · ·

and so on. We also define the sums

Sn
f (x0) =

n

∑
i=1

f (T i(x0)) .

Definition 1.12. A transformation F : X → Y is called measurable if the
inverse image under F of any measurable set is measurable.

F

X
Y(F nu)(B)nu(F  (B)) *

−1

Figure 7. The pushforward of a measure ν .

Definition 1.13. Let F : X → Y be a measurable transformation and ν a
measure on X. The pushforward F∗µ of the measure ν is a measure on Y
defined as

(F∗µ)(B) := µ
(
F−1(B)

)
,

for every measurable set B in Y (see Figure 7).

Definition 1.14. Let T : X→ X be measurable. We say that T preserves the
(probability) measure µ , or, equivalently, that µ is an invariant measure , if
T∗µ = µ . That is to say, if for every measurable set B, µ

(
T−1(B)

)
= µ(B).

Lemma 1.15. Let T : X → X a measurable transformation and µ a T -
invariant measure on X. Then for every µ-integrable function f , we have∫

f (x)dµ(x) =
∫

f (T (x))dµ(x) .
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Proof. Setting y = T x, the definition of the pushforward gives∫
X

f (y)dT∗µ(y) =
∫

X
f (T (x))dµ(x) .

On the other hand, since µ is invariant, we also have∫
X

f (y)dT∗µ(y) =
∫

X
f (y)dµ(y) .

Putting the two together gives the lemma. �

Remark 1.16. From now on, we work in a measure space (X ,Σ,µ). We
stipulate that T : X → X is a measurable transformation that preserves a
probability measure µ (i.e.

∫
X dµ = µ(X) = 1) and that f : X → R (or C)

is an arbitrary µ-integrable function.

Proposition 1.17 (Maximal Ergodic Theorem). If for µ-almost every x,
there is an n(x) such that Sn(x)

f (x)≥ 0 (≤ 0), then
∫

f dµ ≥ 0 (≤ 0).

k

N

0

n

pN−k

S (x )0f

Figure 8. A plot of Sn
f (x0) for some fixed x0 for n ∈ {0, · · · ,N}.

Proof. Note that this statement holds for f with “≥” if and only if it holds
for g =− f with “≤”. So it is sufficient to prove only the ≥ version.

First assume that n(x) is bounded (for almost all x) by some k > 0.
Then no matter how large we take N, there is some p(x) in {N− k, · · · ,N}
such that Sp(x)

f (x)≥ 0 (see Figure 8). We then have for µ-almost all x0

SN
f (x0) = Sp(x0)

f (x0)+SN−p(x0)
f (xp)≥−SN−p(x0)

| f | (xp)≥−Sk
| f |(xN−k) .

Therefore, for µ-almost all x,
N

∑
i=1

f (T i(x))≥−
N

∑
i=N−k+1

∣∣ f (T i(x))
∣∣ .
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Bearing in mind that µ is invariant, we integrate this inequality. So by
Lemma 1.15,

∫
f (T i(x))dµ =

∫
f (x)dµ(x) and similarly for | f |. In this

way we obtain, after integrating, that N
∫

f dµ ≥ −k
∫
| f |dµ . But since

we may take N arbitrarily large, it follows that
∫

f dµ ≥ 0.

Now, let k be arbitrary positive integers and define

fk(x) =

 f (x) if n(x)≤ k
0 else

We have | fk| ≤ | f | and so the fk are dominated by | f | and since f is µ-
integrable, so are the fk. Since the fk converge pointwise to f , we have∫

f dµ = lim
k→∞

∫
fk dµ ≥ 0 ,

by dominated convergence (Theorem 1.9). �

We will need the contra-positive of this result. Here it is explicitly.

Corollary 1.18. Suppose
∫

f dµ < 0 (> 0), then there is a set P of positive
µ-measure such that for all x in P, Sn

f (x)< 0 (> 0) for all n.

Theorem 1.19 (Birkhoff or Pointwise Ergodic Theorem). Under the hy-
potheses of remark 1.16, we have that the limit of the time average

〈 f 〉(x) := lim
n→∞

1
n

n−1

∑
i=0

f (T i(x))

is defined on a set of full measure. It is an integrable function and satisfies
(wherever defined) ∫

X
〈 f 〉(x)dµ =

∫
X

f (x)dµ .

Proof. We want to compute the limit of the time average of f . So let

〈 f 〉+(x) = limsup
n→∞

1
n

Sn
f (x) and 〈 f 〉−(x) = liminf

n→∞

1
n

Sn
f (x) .

By Lemma 1.5 and the comments immediately prior to it, 〈 f 〉± are mea-
surable functions. First suppose they are bounded. Then they are also inte-
grable, because µ(X) = 1.

Suppose that the following statement is false:∫
〈 f 〉− dµ ≥

∫
f dµ .
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Then, since 〈 f 〉± and µ(X) are bounded, there must be an ε > 0 so that∫
〈 f 〉− dµ <

∫
( f − ε)dµ =⇒

∫
(〈 f 〉−− f + ε)dµ < 0 .

By the contrapositive of the maximal ergodic theorem, this gives that there
are (a positive measure of) x so that Sn

〈 f 〉−− f+ε
(x) < 0 for all n. Now, it is

easy to see that Sn
f+g = Sn

f +Sn
g and that 〈 f 〉− is invariant along orbits. Thus

for any such x, we obtain that

n〈 f 〉−(x)−Sn
f (x)+nε < 0 or 〈 f 〉−(x)< 1

n
Sn

f (x)− ε .

If we take the liminf as n→ ∞ on both sides, we arrive at a contradiction.
This establishes that ∫

X
〈 f 〉− dµ ≥

∫
X

f dµ . (1.1)

In a similar way, one derives that∫
X

f dµ ≥
∫

X
〈 f 〉+ dµ , (1.2)

Putting (1.1) and (1.2) together shows that if 〈 f 〉± are bounded, then∫
X
〈 f 〉+ dµ ≤

∫
X

f dµ ≤
∫

X
〈 f 〉− dµ .

and thus all three are equal. Since 〈 f 〉+(x) ≥ 〈 f 〉−(x), we also that these
two quantities must be equal except on a set of measure zero.

Now we drop the assumption that 〈 f 〉± are finite. So let

Xn := {x ∈ X : −n≤ 〈 f 〉−(x)≤ 〈 f 〉+(x)≤ n} .

T maps Xn to itself and so all hypotheses hold and therefore the above con-
clusion holds for Xn instead of X , and thus for X∞ = ∪nXn. We are done if
X\X∞ has µ-measure zero. Now, Xn is measurable because 〈 f 〉± are, and so
X∞ and its complement are also measurable. Suppose the complement has
positive measure, then since f is integrable, there must be a c > 0 so that∫

X\X∞

−cdµ <
∫

X\X∞

f dµ <
∫

X\X∞

cdµ .

We apply again the contrapositive of the maximal ergodic theorem, to get
that then there must be a (positive measure of) x in X\X∞ so that for all n

Sn
( f+c)(x)> 0 and Sn

( f−c)(x)< 0 =⇒ −nc < Sn
f (x)< nc .

But this contradicts the definition of X\X∞. �
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1.7. Main Implications of the Ergodic Theorem

Definition 1.20. A transformation T of a measure space X to itself is called
ergodic (with respect to µ) if it preserves the measure µ and if every T
invariant set has measure 0 or 1. (A set S⊆X is called invariant if T−1(S)=
S.)

Corollary 1.21. A measure preserving transformation T : X→X is ergodic
with respect to a probability measure µ if and only if for every integrable
function f

lim
n→∞

1
n

n−1

∑
i=0

f (T i(x)) =
∫

X
f (x)dµ

for all x except possibly on a set of measure 0.

Somewhat confusingly, this last result is often also called the Birkhoff er-
godic theorem. This corollary really says that a transformation is ergodic
if and only if time averages equal spatial averages. This is a very impor-
tant result because spatial averages are often much easier to compute. This
result has major implications for physics.

c
0

1

c+−

Figure 9. The functions µ(X−c ) and µ(X+
c ).

Proof. By Theorem 1.19, 〈 f 〉(x) is defined on a set of full measure. So let

X−c := {x ∈ X : 〈 f 〉(x)< c} and X+
c := {x ∈ X : 〈 f 〉(x)> c} .

Replacing x by an inverse image (under T ) of x does not change the value
of 〈 f 〉(x), and so X±c are invariant sets. By the ergodic assumption, µ(X−c )

(as a function of c) must have measure 0 or 1, and is therefore an increasing
step function with the step of height 1 occurring, say, at c = c−. Similarly,
µ(X+

c ) is a step function, with an decreasing step of height 1 occurring at
c = c+. See Figure 9.
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If c− < c+, then for any interval [c1,c2] ∈ (c−,c+), we obtain that
µ(X−c1

) = µ(X+
c2
) = 1, which is impossible, since these sets do not inter-

sect. In the same way, if c+ < c−, then for any interval [c1,c2] ∈ (c+,c−)
µ(X+

c1
) = µ(X−c2

) = 0, which contradicts the fact that the union of X+
c1

and
X−c2

is the entire space and so must have measure 1. So c− = c+ = c0. Thus
〈 f 〉(x) = c0 on a set of full measure. And therefore,

∫
X f (x)dµ = 〈 f 〉(x)

which implies that time average equals space average.

Vice versa, if T is not ergodic, then there are invariant sets X1 and its
complement X2 both of positive measure. Let 1X1 be the function that is
1 on X1 and 0 elsewhere. The time average 〈1X1〉(x) is 1 or 0, depending
on where the starting point x is. In either case, it is not equal to the spatial
average

∫
X 1X1(x)dµ ∈ (0,1). �

One needs to be careful, because it can happen that a transformation is
ergodic with respect to two (or more) different measures.

Definition 1.22. Two probability measures µ and ν are mutually singular
if there is a measurable set S with µ(S) = 1 and ν(S) = 0, and vice versa.

Corollary 1.23. If T is ergodic with respect to two distinct probability mea-
sures µ and ν , then those measures are mutually singular.

Proof. If µ and ν are distinct measures, we can choose f such that

c1 =
∫

X
f dµ 6=

∫
X

f dν = c2 .

By Corollary 1.21, the time average 〈 f 〉(x) must be c1 for µ almost every x
and so the x for which the average is c2 has µ measure 0. The reverse also
holds. �

One can furthermore prove that the set of invariant probability mea-
sures is non empty and every invariant measure is a convex combination of
ergodic measures [2][chapter 8]. This says that, in a sense, ergodic mea-
sures are the building blocks of chaotic dynamics. If we find ergodic be-
havior with respect to some measure µ , then we understand the statistical
behavior for almost all points with respect to µ . There may be other com-
plicated behavior but this is “negligible” if you measure it with µ .
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1.8. Sinai’s Description

In a tv interview, Yakov Sinai was once asked to explain the ergodic theorem
for the uninitiated. He explained it as follows. Suppose you live in a city
above a shoe store. One day you decide you want to buy a perfect pair of
shoes. Two strategies occur to you. You visit the shoe store downstairs
every day until you find the perfect pair. Or you can rent a car to visit every
shoe store in the city and find the best pair that way. The system is ergodic
if both strategies give the same result.
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